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Abstract. Let E be a modular elliptic curve over a totally real number 
field F. We prove the weak exceptional zero conjecture which links a 
(higher) derivative of the p-adic L-function attached to E to certain p- 
adic periods attached to the corresponding Hilbert modular form at the 
places above p where E has split multiplicative reduction. Under some 
mild restrictions on p and the conductor of E we deduce the exceptional 
zero conjecture in the strong form (i.e. where the automorphic p-adic 
periods are replaced by the £-invariants of E defined in terms of Tate 
periods) from a special case proved earlier by Mok. Crucial for our 
method is a new construction of the p-adic L-function of E in terms of 
local data. 
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Introduction 

Let £ be a modular elliptic curve over a totally real number field F 
and let p be a prime number and such that E has either good ordinary 
or multiplicative reduction at all places p above p. Attached to E are the 
(Hasse-Weil) L-function L(E,s) (a function in the complex variable s) and 
a p-adic L-function L p (E, s) (here s £ Z p ). Both are linked by the interpo- 
lation property which expresses the p-adic measure associated to L p (E, s) in 
terms of twisted special L-values L(E, x, 1)- A special case is the formula 

L p (E,0) = n^P' 1 ) - L (E,1). 

P\p 

Here e(a p , 1) is certain Euler factor defined in terms of the reduction of E 
at p (see Prop. 4.10 for its definition). It is = if and only if E has split 
multiplicative reduction at p. Let S\ be the set of primes p of F above p 
where E has split multiplicative reduction, let S p be the set of all primes 
above p and let S 2 = S p - Thus we have L p (E, 0) = if 5i + 0. In [Hi] 
it has been conjectured that 

(1) OTd s=0 L p (E,s) >r:= (J^); 

(2) f- Lp{E ,s)\ s=0 = r\ \\ C P (E) ■ 11 e(a p ,l) ■ L(E,l). 

Here the C-invariant C P (E) is defined as Cp{E) = £p(qE/F p ))/ °p(Qe/f v ) 
where qE/F p is the Tate period of E/F p , l p = log p °N Fp /(Q p and o p = 
ovd p oN Fp/Qp . 

In this paper we prove (1) unconditionally and (2) under the following 
assumptions (see Theorem 5.10): (i) p > 5 is unramified in F; (ii) E has 
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multiplicative reduction at a prime q \ p, or r is odd, or the sign w(E) of 
the functional equation for L(E,s) (i.e. the root number of E) is = —1. 

The statements (1) and (2) are known as exceptional zero conjecture. In 
the case F = Q it was formulated by Mazur, Tate and Teitelbaum [MTT] 
and proved by Greenberg and Stevens [GS] and independently by Kato, 
Kurihara and Tsuji. In the case r = 1, (2) was proved by Mok [Mo] under 
the assumption (i), by extending the method of [GS]. 

To explain our proof let tt be the automorphic representation of GL<2(Ai?) 
associated to E. Thus tt has trivial central character and the local factor 
tt v is discrete of weight 2 at all archimedean places v. The Hasse-Weil 
L-function of E is then equal to the automorphic L-function L(s — ^,tt). 
Moreover L p (E, s) is solely defined in terms of tt (thus we write L p (s, it) for 
L p (E,s)). 

In section 5.1 we shall introduce a second type of /^-invariant £ p (7r). It 
is defined in terms of the cohomology of (5 p -)arithmetic groups. We show 
that £ p (7r) does not change under certain quadratic twists, i.e. we have 
£p(7r <8> x) = £p( n ) f° r an y quadratic character \ of the idele class group 
I/F* of F such that the local components Xv of x at infinite places and at 
v = p are trivial. We prove an analogue of (2) above (unconditionally) with 
the arithmetic /^-invariants Cp (E) replaced by the automorphic /^-invariants 
Cp(ir), i.e. we show 

(3) ^L p (s,tt)\ s=0 = r! J] £ p (tt) • J] e(a p ,l) ■ L(». 

peSi pes 2 

In the case F = Q these /^-invariants have been introduced by Darmon ([Da], 
section 3.2). He showed that they are invariant under twists and also proved 
(3). Also if the narrow class number of F is = 1 a different construction of 
£p(7r) has been given in [Gr]. 

To deduce (2) from (3) it is therefore enough to show C v (tt) = Cp(E) for 
all p € Si . In future work [GIS] we plan to give an unconditional proof of it 
(and thus of (2)) by comparing Cp(ir) to the (similarly defined) /^-invariant 
of an automorphic representation it' of a totally definite quaternion algebra 
- which corresponds to tt under Jacquet-Langlands functoriality - and by 
using p-adic uniformization of Shimura curves (compare also [BDI] where a 
similar proof has been given in the case F = Q under certain assumptions 
on tt). 

However if p satisfies the conditions (i) above and E satisfies (ii) then we 
can deduce the equality Cp(ir) = £p(E) for fixed p € Si by comparing the 
formulas (2) and (3) in the case r = 1 for certain quadratic twists of E and tt. 
More precisely, by a result of Waldspurger [Wa] , we can choose a quadratic 
character x such that the arithmetic and automorphic /^-invariants at p do 
not change under twisting with %, L(^,tt x) does not vanish and p is the 
only place above p where the twisted elliptic curve E x has split multiplicative 
reduction. Then by Mok's result and (3) we can express both Cp(E) and 
£p(7r) by the same formula. 
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The p-adic L-function attached to ir is the r-transform of a certain canon- 
ical measure fx n on the Galois group Q p of the maximal abelian extension of 
F which is unramified outside p and oo, i.e. it is given by 

L p {s,n) = / ( 7 ) s /i 7r (d 7 ) 
JQp 

(for the definition of (7)* see section 3.3). 

Crucial for the proof of (1) and (3) is a new construction of /x^ 1 . We 
shall briefly explain it (for details see 4.6). Heuristically, we define p n as the 

fx 0\ 

direct image of the distribution fi 7Tp x W p ( ^ J d x x under the reciprocity 

map I = F* x I p — >■ Q p of class field theory. Here the first factor /i^. p is the 
product distribution on F* = Ylpes ^p* °^ cer t &m canonical distributions fi p 
on Fp attached to each local factors ir p , p G S p . Moreover d x x denotes the 
Haar measure on the group of S^-ideles I p = Y]!vfo> an< ^ W p is a certain 
Whittaker function of ir p = <S) v ^ p tt v (it is the product of local Whittaker 
functions). 

To put this construction on a sound foundation consider the map (f> n given 

by 

CeF* 

where the first argument U is a compact open subset of F* and the second 
an idele x p G P. Then </> v ((U, Qx p ) = <f> v (U, x) for all ( G F*. Thus if we set 
4>u(x P , x p ) : = (f> n (x p U, x p ) then 4>jj can be viewed as a function on the idele 
class group I/F* (so the map U — > 4>u is a distribution on F* with values 
in a certain space of functions on I/F*). 

For a locally constant map / : Q p — > C there exists a compact open 
subgroup U C Up = ripeSp c such that / o p : I/F* — >■ C factors 
through I/F*(U x f/ p ) (here p : I/F* — >■ t/ p denotes the reciprocity map). 
Then L 7(7) ^^(^7) is given by 

/ /( 7 ) fi n (d 7 ) = [Up : E7] / f(p(x))Mx) d x x. 
Jg p Ji/f* 

By using properties of the cohomology groups of arithmetic subgroups of 
GL2(F) we show that p n is bounded (i.e. it is a p-adic measure in the sense 
of section 1.2 below) and so any continuous map Z p — > C p can be integrated 
against it. 

One way to describe the local distribution p p for p G S p is that it is 
the image of a certain Whittaker functional of 7r p under a canonical map - 
denoted by S - from the dual of 7r p to the space of distributions on Fp*. We 
will give the definition of 5 in the case p G Si, or equivalently, when 7r p is 
the Steinberg representation St (i.e. ir p is isomorphic to the space of locally 
constant functions P 1 (i ? p ) — > C modulo constants). For c G Hom(St,C) we 



(x p 




In principle our construction is related to Manin's [Ma]. However in our set-up the 
measure fx n is build in a simple manner from local distributions fj, nv at each place v of F 
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define 8(c) by J F f(x)5(c)(dx) = c(f). Here for a locally constant map with 
compact support / : F p — > C we define / : F 1 (-Fp) — > C by /(oo) = and 
f([x : 1]) = f(x). Thus in the case tt p = St, the target of 8 is the space of 
distributions on Fp. 

In particular the local contribution fi p of /t ff at p € S\ is actually a 
distribution on F p (and not only on Fp*). Therefore, allowed as first argument 
in (p w (U, x p ) are not only compact open subsets U of F* but also of the 
larger space npgSj ^P x IlpeSa ^P*" This fact is crucial for our proof that the 
vanishing order L p (s,tt) at s = is > r. The map 8 and distributions jip 
will be introduced in sections 2.4 and 2.5 respectively. 

Chapter 3 is the technical heart of this paper. It provides an axiomatic 
approach to study trivial zeros of p-adic L-function which can be applied 
in other situations as well (e.g. to the case of p-adic L-functions of totally 
real number fields [Sp], [DC]). We consider arbitrary two- variable function 
4> : (U, x p ) ^ <f)(U, x p ) (U C n peSi F p xn pg 5 2 F p * compact open and X? G P) 
satisfying certain axioms and attach a p-adic distribution /j, on Q p as above. 
By "integrating away" the infinite places we obtain a certain cohomology 
class k G H d (F+,V) associated to 4> (where d = [F : Q] — 1, F+ denotes 
the group of totally positive elements of F and V is a certain space of 
distributions on the adelic space npgSx ^P x IlpeS2 ^P* x Il^poo ^v) an d * ne 
distribution /j, can be defined solely in terms of k. The space T> contains a 
canonically subspace V b (consisting - in a certain sense - of p-adic measures) 
and \x is a p-adic measure provided that k lies in the image of H d (F+,V b ) — > 
H d (F^,V) (see section 3.4). 

In this case we define L p (s,<p) as the T-transform of jjl and show that 
L p (s,4>) has a zero of order > r at s = 0. Furthermore we give a descrip- 
tion of the r-th derivative ■^ F L p (s, 4>)\ s =o as a certain cap-product. More 
precisely, we associate to any continuous homomorphism £ : F p * — > C p a co- 
homology class C£ G ii" 1 (Fjjl , C c (Fp, C p )) (for its definition and the notation 
see 3.4). If S\ = {pi, . . . ,p r } we will show 

(4) _L p ( s ,0)| s=o = (-1)0 r! ( K U % U...UQjni 

Here •& is essentially the fundamental class of the quotient M/F+ where 
M is a certain d + r-dimensional manifold on which F+ acts freely (see 
section 3.2). If U = Yl peSl °v x llpg5 2 °p and 4>o( x )- = </>(x p U ,x p ) for 
x = (x p , x' p ) G F* x P = I, we will also prove 

(5) f Mx)d x x = (-1)0 r! (kUCo p U...Uc 0pr )m5. 

Jl/F* 

In chapter 4 we will verify that the theory developed in the previous chap- 
ter can be applied in the case 4> = (fi w . The difficult part is to show that the 
cohomology class K n attached to (f> n comes from a class in H d (F+,T> b ). This 
is achieved by showing that it lies in the image of a specific cohomology class 
k w G H d (PGL2(F),A) under a canonical map A* : H d (PGL 2 (F), A) -»• 
H d (F+,V) (for the definition of the coefficients A and the map A* we refer 
to section 4.4 and 4.5). The fact that any arithmetic subgroup of PGL,2(-F) 
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has the finiteness property (VFL) (introduced by Serre in [Se]) implies that 
A* factors through H d (F*,V b ). 

In the last chapter 5 we will introduce the automorphic ^-invariant £ p (7r) 
and deduce (3) from (4) and (5). The cohomology group -ff d (PGL 2 (.F), A) 
carries an action of a Hecke algebra and K n lies in the 7r-isotypic component 
H d (PGL2(F),A) 7T . Using the fact that classes q "come" from certain PGL2 
cohomology classes as well (they will be introduced in section 2.6) and the 
fact that H d (PGL2(F), A)n is onedimensional (a results due to Harder [Ha]) 
we show that the cup products n U C£ p and re U c p differ by a factor C v (tt) 
which is defined in terms of the cohomology of PGL^-F 1 ). 

Acknowledgement. I thank Vytautas Paskunas for several helpful conversa- 
tions and Kumar Murty for providing me with the reference [FH]. Also I 
am grateful to H. Deppe, L. Gehrmann, S. Molina and M. Seveso for useful 
comments on an earlier draft. 

Notation. The following notations are valid throughout this paper. A list 
with further notations will be given at the beginning of chapters 2 and 3. 

Unless otherwise stated all rings are commutative with unit. 

We fix a prime number p and embeddings 

too : Q ^ C, i p : Q C p . 

We let ordp denote the valuation on C p and Q (via l p ) normalized so that 
ordp(p) = 1. The valuation ring of Q will be denoted by O. 

We denote the set of compact open subsets of a topological space X by 
€o(X). If X and Y are topological spaces then C(X,Y) denotes the set of 
continuous maps X — >■ Y and C C (X, Y) the subset of continuous maps with 
compact support. If we consider Y with the discrete topology then we shall 
also write C°(X,Y) and C°(X,Y) instead of C(X,Y) and C C (X,Y). 

Put G: = PGL2, and let B be the subgroup of upper triangular matrices 

'* 0^ 



(modulo the center Z of GL2), T = | ^jj/Zbe the maximal torus 

of G in B. We write elements of G often simply as matrices ^ (and 
neglect the fact that we consider them only modulo the center of Z). We 
identift G m with T via the isomorphism t 1 — >- ( * ) . If R is a ring the 



determinant induces a homomorphism det : G(R) — > R*/(R*) 2 



1. Generalities on distributions and measures 



1.1. Distributions and measures. Let X be a totally disconnected a- 
locally compact topological space (in practice X will be a e.g. profinite set 
like an infinite Galois group or a certain space of adeles). For a topological 
Hausdorff ring R we denote by C (X,R) the subring of C(X,R) consisting 
of maps f : X —> R with f(x) — > as x —> 00 (equivalently by setting 
/(oo) = the map / extends continuously to the one-point compactification 
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of X). We have C°(X,R) C C C (X,R) C Co(#,.R) C C{X,R). Note that if 
X = Xi x X2 where X\ and ^ are a- locally compact and if /1 G C («Yi, -R), 
/ 2 G C 0*1, -R) then the map (/1 (g) f 2) (91, 92)- = ■ 72(52) lies in 

Co(Af,i2). 

Let M be an .R-module. Recall that an M-valued distribution on is a 
homomorphism /i : C®(X,Z) M. It extends to an i?-linear map 

(6) C° C (X,R)^M, /-> / /d/x. 

We shall denote the i?-module of M-valued distributions on X by Dist(^f , M). 
If X = XiX X2, ijl G Dist(Af, M) and /1 G C°0*"i, i?) then / 2 ^ J h <g> f 2 dfj, 
is an M-valued distribution on X2 which will be denoted by 1— >■ f x fi dfi i.e. 
we have a pairing 

(7) Dist(X, M) x C^(X 1 , R) — »• Dist(# 2 , M), (//, /i) ^ f fi dfi. 

Next we introduce the notion of a measure on with values in a p-adic 
Banach space. Assume that R = K is a p-adic field. By that we mean that 
K is a field of characteristic which is equipped with a p-adic value, i.e. a 
nonarchimedian absolute value | | : K — > R whose restriction to Q is the 
usual p-adic value and such K is complete with respect to | |. We denote a 
p-adic value often as | \ p and the corresponding valuation ring by Ok- 

A norm on a K- vector space V is a function || || : V — > R such that (i) 
||cry|| = |a| p ||f ||, (ii) ||w + tt;|| < max(||v||, ||u>||) and (iii) ||t> || > with equality 
iff v = for all a G K, v,w G V. Two norms || ||i, || || 2 are equivalent if 
there exists Ci,C 2 G with Ci||u|| 2 < ||t>||i < C 2 ||u|| 2 for all v G V. A 
normed i<C-vector space (V, || ||) is a (K-) Banach space if V is complete with 
respect to || ||. Recall that any finite-dimensional K- vector space admits a 
norm, any two norms are equivalent and it is complete. The if-vector space 
C (X } K) with the supremums norm ||/||oo = sup 7e<Y \ f("f)\ p is a i^-Banach 
space. 

Let V be a -fT-vector space. Recall that an Ox-submodule L C V is a 
lattice if [J aeK * aL = V and f) aeK * aL = {0}. For a given lattice L (IV 
the function Pl{v): = un\, ga L |a| p is a norm on If j| || is another norm 
then pi is equivalent to || || if and only if L is open and bounded in (V, || ||). 
A lattice L C V is complete if V is complete with respect to p^. Finally a 
torsion free Ox-module L is said to be complete if L is a complete lattice 
in L ®o K K. For example the Ox-dual of a free module is a complete 
torsionfree Ox-module. 

Let (V, || ||) be a Banach space. An element fi G Dist(A', V) is a measure 
(or bounded distribution) if /i is continuous with respect to the supremums 
norm, i.e. if there exists C G M., C > such that \ f x f dfi\ p < ||/||oo for 
all / G C°(X,K). We will denote the space of F-valued measures on X by 
Bist h (X,V). If LCV is an open and bounded lattice then Dist h (X,V) is 
the image of the canonical inclusion Dist(X,L) ®o K K - ► Dist(Af, V). An 
element /x G Dist b (A', V) can be integrated not only against locally constant 
functions but against any / G C (X,K). In fact since C®(X,K) is dense in 
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the Banach space (C (X, K), || H^) the functional (6) extends to a uniquely 
to a continuous functional 

(8) C (X,K)^V, J fdfi. 

If X = X\ x Xi then we obtain as a refinement of the bilinear map (7) a 
pairing 

(9) Dist b (*,y) x C {X U K) — ► Dist b (A- 2 ,y), (^h) ^ [ hdfi. 

1.2. p-adic measures. Given /u € Dist(Af, C) we want to clarify what do 
we mean by saying that fx is a p-adic measure. For simplicity assume that 
X is compact. The distribution \x extends to C p -linear map 

(10) C°(X, Cp) — ► C p 0q C, / m. y / d/i 

and we denote its by so that we can view p, as an element of Dist(^, V^). 
It is called a p-adic measure if is a finitely generated C p -vector space 
and if p € Dist b (X, V^). Equivalently, the image of fi (considered as a 
map C°(X,Z) — >■ C) is contained in a finitely generated O-module. So if 
H G Dist(A',C) is a p-adic measure (10) extends to continuous functional 
C(X,C P )^V IX , f^Jfdfi. 



2. Local distributions attached to ordinary representations 



2.1. Gauss sums. Throughout this chapter F denotes a finite extension of 
Q p , O = Of its ring of integers and p the maximal ideal of O. We denote 
by U the group of units of O and put = {x G U\ x = 1 mod p n }. Let 
q denote the number of elements of O/p. We fix an (additive) character 
ip : F — > Q such that Ker(^) = O and a generator to of p. We denote by 
\x\ the modulus of x G F* (i.e. |tu| = (j -1 ) and by ord = ordir the additive 
valuation (normalized by ord(tu) = 1). The normalized Haar measure on F 
will be denoted by dx (normalized by J dx = 1). We put d x x = (1 — |) -1 ^ 
so that Jjj d x x = 1. 

Lemma 2.1. Lei I C {i £ F* ord(x) < —2} be a compact open subset 
such for all a £ X there exists n £ Z, 1 < n < — ord(a) — 1 such that 
aUW C X. Then, 

[ i;(x)d x x = 0. 
Jx 

Proof. It is enough to consider the case X = aUW with 1 < n < 
— ord(a) - 1. Choose b G F* with ord(6) + ord(a) = —1. Hence ip(ab) / 1 
and ord(6) > n and therefore 

/ ip(x)d x x = / ip(ax)d x x= / ip(a(l + b)x)d x x 
Jx J(/( n ) 

= / ip(ax)ip(abx)d x x. 
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Since ord(a6x — ab) = — 1 + ord(x — 1) > n — 1 > 0, we have ip{abx) = ip(ab) 
for all x G U {n \ It follows 



ip(x)d x x = ip(ab) / i[)(ax)d x x = tp(ab) / i[)(x)d x x, 
Ju( n ) Jx 

hence f x i[)(x)d x x = 0. □ 

Recall that the conductor c(x) of a quasicharacter \ '■ F* ~ > is the 
largest ideal p n of O such that C Ker(x). 

Lemma 2.2. Xei x : F* ^ C* 6e a quasicharacter of conductor p n ,n > 1 
and let a £ F* with ord(a) ^ —n. Then we have 

/ 4>{ax)x{x)d x x = 0. 

Proof. 1. case ord(a) > — n: Choose b £ F* with max(— ord(a), 0) < 
ord(6) < n, 1 + 6 € cT and x(l + b) + 1. Then, 

/ ty{ax)x{x)d x x = / i/>(ax(l + 6))x(x(l + 6))d x a; = 
7c/ JU 

= X(l + / il)(ax)ip(abx)x(x)d 
Ju 



x x 



x(l + 6) / ip(ax)x(x)d x x 
Ju 



hence if)(ax)x{x)d x x = 0. 

2. case ord(a) < — n: By 2.1 above we have 

ip{ax)x{x)d x x = V x (6) / ^(x)d x x = 0. 

7t7 ^o6C7(") 



6C/(«) ec//c/(™) 



□ 



We recall the definition of the Gauss sum of a quasicharacter (with respect 
to the fix choice of ip). 

Definition 2.3. Let x '■ F* — > C* be a quasicharacter with conductor p n , 
n > and a € F* with ord(a) = —n. We define the Gauss sum of x by 



x x. 



r(x) = r(x, 1>) = [U: U™] [ ^{x) X {x)d 

JaU 

For a quasicharacter x : -F* — > C* we define 
(11) / x^VK^)^ : = nm / xi^^i^dx. 

JF* n ^+°°Jx<=F* -n<ovd(x)<n 

Lemma 2.4. Let x '■ F* — > C* be a quasicharacter with conductor p J . 
Assume that |x( ro )l < Q- Then the integral (11) converges and we have 



I x( x )V'( a; )^ 3; 

J F* 



r(x) iff>0. 
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Proof. Firstly, we remark 



(12) 



/ il)(ax)d x 
Ju 



' 1 if ord(a) > 0; 
■'• - \ if ord(a) = — 1; 

if ord(a) < -2; 



for all a € F*. Since (1 — l/q)d x x = ^, we obtain 



X(x)ip(x)dx 



oo ,. 

V (l-l/q)q- n / x{xW{x)d*x. 
n=-oo J ™" U 

If / > then by 2.2 we have 

/ x(x)ip(x)dx = (1 - l/q)q f / x(x)ip(x)d x x = r(x). 
On the other hand if / = then by (12) we get 

. / oo 

J F X{x)^x)dx = + 

i-xH- 1 



□ 



2.2. Ordinary representations of PGL^-F). We introduce more nota- 
tion. Let K = G(0). For an ideal c C O let K (c) C if denote the 
subgroup of matrices ^4 (modulo Z) which are upper triangular modulo c. 

Let tt : G(F) —■ GL(V) be an irreducible admissible infinite-dimensional 
representation (where V is a C-vector space). Recall [Cas] that there exists 
a largest ideal c(tt) - the conductor of tt - such that V K °^ = {v €. V \ 
Tr(k)v = v Vk G -Ko(c)} 7^ 0. In this case y-^oW is one-dimensional. 

The representation tt is called tamely ramified if the conductor divides 
p. This holds if and only if tt = ^(x" 1 ^) f° r an unramified quasicharacter 
X : F* —> C* (see e.g. [Bu], Ch. IV). More precisely if the conductor is Of, 
then tt is spherical hence a principal series representation 7r(x _1 ,x) w here 
X ■ F* — > C* is an unramified quasicharacter with X 2 tH ' I- ^ c ( 7r ) = P> then 
7r is a special representation tt(x , x) where x 1S unramified with y 2 = I ■ I- 

Definition 2.5. Assume that tt = 7r(x _1 ,x) is tamely ramified. Then tt is 
called ordinary if either X 2 = I " I or if tt is spherical and tempered and if 
xi^q 1 / 2 is a p-adic unit (i.e. it lies in O ). 

Thus if 7i = 7r(x _1 , x) is tamely ramified and if we put a : = xi^Q 1 ^ 2 £ C 
then tt is ordinary if either a = ±1 or if a G O and \a\ = q 1 ^ 2 . Note that a 
determines tt uniquely, i.e. there exists a one-to-one correspondence between 
the set (of isomorphism classes) of ordinary representations of G(F) and the 
set {a G | a = il or \a\ = q 1 ^ 2 }. We will call an element of the latter 
set an ordinary parameter. We will denote the class corresponding to a by 
Tr a and define X a(x): = a ord W (thus n a = ■ \-^ 2 ,Xa\ ■ | 1/2 ))- If 
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a = ±1 (resp. a / ±1) then 7r a is special (resp. spherical). If a = 1 then 
ir a = St is the Steinberg representation. 



2.3. Universal tamely ramified representations of PGL^i 7 ). Let R 

be a topological Hausdorff ring, let a & R* and set as before Xa{x) = a OTd ^ 
for igP. We denote by C a (F, R) the R[G (F)]-module of continuous maps 
4> : G(F) ->• i? satisfying 

(13) ^((o 1 t ") = XaWhWig) 

for all ii, t2 £ -f 1 *) u G ^ and <? G G(F). The G(-F)-action is given as usual by 
right multiplication. Let C a (F, R)o be the submodule of G C a (F, R) which 
satisfy <f>(gh) = Xa(det(g))(f>(Ii) for all g,h G (i.e. g i-» Xa(det(#))0(c/) 

is constant). If a = ±1 then C a (F, R)q = R(x a °det) as G(F)-modules (i.e. 
C a (F, R)q is a free i?- module of rank 1 with G(-F)-action given by \a °det). 
Otherwise C a (F, R)q = 0. Finally we put 

C a (F,R) = C a (F,R)/C a (F,R) . 

If we consider the discrete topology on R then we shall also write C° (F, R) , 
C°(F, #)oand C°(F, i?) instead of C a (F, i?) etc. If a = ±1 then it is easy to 
see that C®(F,R) and C®(F,R) are free i?-modules and that the sequence 
-> C°(F,i?) ->• C°(F,R) ->• C°(F,R) -> (considered as a sequence of 
i?- modules) splits. Note that if i? = C and a is an ordinary parameter then 
C a (F, C) = C°(F, C) = vr Q (see e.g. [Bu], Ch. IV)). 

The G(F)-modules C°(F, i?) can also be described in terms of the induced 
representation Ind^^ R (or in the case a = ±1 in terms of Ind^^-R). 

Recall that Ind^^ R carries a natural action of the Hecke algebra T-Lr{G{F), 
K) of compactly supported -R-valued functions which are biinvariant under 
K. In particular we have a map T : Ind^^ R — >• Ind^^ i? where T is the 

characteristic function of the double coset KUK with II = ^ . If {7^} 

is a system of representatives for the cosets Ko(p)\K then T = V o U where 



U : Indf F) R — > IndS i?, ([/</>) (g) : = #IL/) 
q G(F) 



V : Indg^ a — ► Indf F) fl, (Vflfo) : = £• <K™)- 



involution 



1 

The element W = ( ^ ) € G^i 7 ) normalizes i^o(p) hence induces an 



W : Indg^ i? — ► Indg^ i?, W^) : = 0(1^). 



Since IIH^ G if the composition o U is equal to the canonical inclusion 
IndJ (F) i? IndJ ( f A hence F o o [/ = (g + 1) id. 
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For a = ±1 define U a = U - aW o U. Then W o U a = -a(-aW oU + 
W 2 o U) = —all a so U a can be viewed as a map 

U a : IndJ (F) it! — > (indg^ i?) W= ~° , (U a cf>)(g) = cf>(Ug) ~ a<f>{g). 

Let V a denote the restriction of V to (Ind^A R) w= ~ a so that T = V a o 
U a + a(q + 1) id. The following result is well known (cf. [BL] or [dS]). 

Lemma 2.6. Put a = a + q/a. We have 

(a) T — aid : Ind^^ R — > Ind^ F ^ R is injective. 

(b) //ft^il then Coker(T - aid) C°(F,R). 

(c) Let a = ±1 (hence a = ±(q + 5oi/i C/ a and V a are injective and 
their cokernels are isomorphic to C^{F,R) and R(xa det) respectively. 
Since T =F (g + 1) id = V a o ?7 Q we oe£ an exaci sequence 

(14) — > C°(T, i?) — ► Coker(T T (g + 1)) — > #(x« ° det) — > 0. 

2.4. Distributions attached to elements of C a (F, M). Let if be a sub- 
group of G(F) and M a i?[ii] -module (in the applications in chapter 4 both 
ii and M will be of " global nature" ) . Define 

C a (F,M) = Rom R (C° a (F,R),M), C a (F,M) = Rom R (C° a (F, R), M). 

Hence if a = ±1 we have an exact sequence — v C a (F, M) — v C a (F, M) — > 
M(x a o det) — > 0. We denote by 

(15) ( , ) : C° a {F, R) x C a (F, M) — > M 

the canonical pairing and define a if-action on C a (F,M) by (0, /i • A) = 

We let F* act on C (F,R) by (a • = /(a _1 a;). It induces a Tr- 

action via the isomorphism T = G m . Define a T(i ? ) n H operation on 
Dist(F, M) and Dist(T*,M) by 

J f(x)(t»)(dx) = t{f (t- l f)(x)fi(dx)). 

If a ^ 1 and / G C C (F*,R) define 

^ = / Xa (5^5) /(-d/c) ifaWO, 
\ c dj 1 otherwise 



and if a = 1 and / G C (F, R) define 
*«(/) 



a b\ = f /(-d/c) ifc^O, 
c dj \ otherwise. 

One easily checks that in both cases <5 a (/) G C a (F, R) and that <5 Q is T(F)- 
equivariant. By abuse of notation we denote the induced T(F)-equivariant 
maps also by S a 

(16) 5 a :C c (F*,R) — > C7 Q (T,i?) ifa^l, 

<5 Q :C (F,i?) — ► C Q (F,i?) ifa = l. 
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By passing to duals (for R discrete) we get T{F) nif-linear homomorphisms 
characterized by 

f / F , /(x)^(A)(dx) ifa^l, 
^ qIJM ' ~ \ J F f(x)5 a (X)(dx) ifa = l. 

2.5. Local distributions. In this section we assume R = C. Let a G 
be an ordinary parameter, i.e. a = ±1 or \a\ = q 1 ^ 2 . Define = 
ip(x)xa(x)dx G Dist(F*,C) (resp. G Dist(F,C) if a = 1). It is called the 
local distribution associated to Tr a (the justification for this terminology will 
become apparent in section 4.6). n a is the image of a Whittaker functional 
under S a (see Prop. 2.8 below). 

Proposition 2.7. Let x '■ F* C* be a quasicharacter with conductor . 
Assume that \x( w )\ < q 1 ^ 2 ■ Then the integral J pt x{x)/J, a (dx) converges and 
we have 

X(x)fi a (dx) = r(x)e(a,x)L(|,7r a (8>x) 



/ 

JF' 



where 

' (1-axH- 1 ) i// = 0,a = ±l; 

<a, X ) = M 1 -^)^-^) iff = 0,a^±l; 

, a~ f iff>0- 

Proof. Recall that for the local L-factors we have L(s, 7r a ®x) = 1 if / > 
and 

L( S ,n a ® X ) = (l-X^)aq- (s+1/2) )- 1 
if a = ±1, / = and 

L(s,ir a ® X ) = L{s,xXa l \-\~ l/2 ) L {^XX a \-\ l/2 ) 

= (i - xm«- v^r^i - xMo^+^r 1 

if q / ±1, / = 0. Thus the assertion follows from Lemma 2.4. □ 



Recall that a linear map A : C a (F, C) — > C is a Whittaker functional if 

A ((o i)*) = 

for all x G F and 4> G C a (F, C). A Whittaker functional exists and is unique 
up to scalar. 

Proposition 2.8. (a,) There exists a unique Whittaker functional X a for 
C a (F,C) such that 5 a (X a ) = fi a . 

(b) Let W a = W(ir a ) denote the Whittaker model of ir a . //a / 1 (resp. 
a = 1) then for any f G C C (F*,C) (resp. f G C C (F,C)) there exists W = 
Wf G W a such that 

[ (af)(x)fi a (dx) = W 

JF* 
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for all a G F* (resp. J F (af)(x) n a (dx) = W 

( d) Let H be an open subgroup of U and put Wh = W\ H . Then, for any 
f G C°(F*,C) H we have 

f{x)^i a {dx) = [U:H] f(x) W H fj d x x. 

Proof, (a) Put w = f ^ The discussion in ([Bu], p. 485) shows 

that there exists a unique Whittaker functional X a satisfying 

X a (4>) = J^(f)(w ^ ip(-x)dx 

for all 4> G C a (F, C) such that the function F i-> C, x h-> <p ^ ^ ^ has 
compact support. 

(b) We assume a/1 (the case a = 1 is similar). Let / G C C (F*, C). Then 
M/) ^ l)) = Ka(x)f{-x) hence 

/ /(x)<5 Q (A a )(cfa;) = / Xa(x)f{-x)ip{-x)dx = / f(x)fi a (dx). 
Jf* Jf* J F* 

(b) By (a) the function W(g) : = (g ■ S a (f), X a ) lies in W a and we have 
l Ft (af)(x)^ a (dx) = (5 a (af),X a ) = ((^ fjSM),K) = W^ Q fj . 

(c) It is enough to consider the case / = l a H for a G F*. Then 

J f{x)Va{dx) = J (al H )(x)na{dx) = W H J 

= [U:H]j F lH { x)WH^ 5)d> 
= [U:H]J F J(x)W H (l tyd> 



lX x 



lX x 



□ 



2.6. Extensions of the Steinberg representation. In this section we 
consider certain extensions of the Steinberg representation (the case a = 
1) associated to a homomorphism £ from F* to the additive group of a 
topological Hausdorff ring R (for a related construction see [Bre], 2.1). In 
the following we shall drop a sometimes from the notation (i.e. we write 
C(F,R), 5 etc. for d(R), ft etc.). Note that <5 = ft : C (F,R) -> Ci(F,R) 
is an isomorphism with inverse given by 

r^C^i^a^i*), ^-xT 1 ^)—.^ *) " * (J i) ■ 
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Define C(F,R,£) as the F-module of pairs (<f>,y) G C(G(F),R) x R with 

for all ti,t 2 € F*, u G F and g G G(F). We define a left G(F)-action 
on C(F,R,£) by g ■ (</>(h),y) = (<f>(hg),y). We denote by C(F,R,£) the 
submodule consisting of pairs ((f), 0) with (f) : G(F) — > R constant and put 
C(F,R,£) = C(F,R,£)/C(F,R,£) . 

Lemma 2.9. (a) Let e : C(F,R,£) —> R be given by e(4>,y) = y. Then the 
sequence of G(F) -modules 

(17) o > Cl (F,R) ^% C(F,R,£) — ^ i? ► 

is exact. 

(b) Let 5* : H 1 (G(F),C 1 (F, R)) -> H l (F* , C (F, R)) be the homomorphism 
induced by the maps G m 4 G,x 4 J ) and 5" 1 , let bi denote the 



§ 1 / 

cohomology class of the extension (17) and let ci G H 1 ^* ,C (F, R)) be the 
class of the cocyle 

(18) zda): = (l-a)(£-lo): = \f\] a0+e :]°- a0 °'' 
v ; w v \ £(a)loo - € ■ loo-o i/ord(a)<0. 

T/ien, <5*(fy) = 2c £ . 

(cj If £ = ordi? : F Z — >■ i? and i/ie topology on R is discrete then (17) is 
isomorphic to (14). 

Proof, (a) It suffices to show that C(F, i?, -4- i?, (0, y) h-> y is surjective. 
Define 

&\ f 'fa&s} iford(ci)<ord(c), 

,c | ord(d)>ord(c). 

One easily checks that (4>o, 1) G C(F,R,£). 
(b) follows from 











lo 




! +^0 (J 





= (^(x 2 ) - e(a))l F -ao(x) + £(o)loo - ^x 2 )l F _ (x) + £{a) 
= 2£(x)(l -l a0 )(x) + 2£(a)l a0 (x) = 2z e (a)(x) 
for all a G F*. 

(c) Note that if £ = ord then </>o(fc) = for all k G K. Hence for g = 
^ * J ■ k G G(F) = B(F)K and h £ K we have (/i • O )(#) = 0o(fc/i) + 

U 12/ 

ord(*2/ii) = ord(t2/*i) = fioid), i-e. (<fo>l) is F-invariant. By Frobenius 
reciprocity we obtain a homomorphism \]> : Ind^^ i? -4- C(F, -R, £). One can 
easily verify that $ induces an isomorphism Coker(T— (g+1) id) = C(F, R, £) 
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and that the sequence (Ind^j^ R) w= ~ l Ind^ F ^ R —> R — >■ is exact. 

□ 



2.7. Semi-local theory. We briefly discuss how to generalize some of the 
previous constructions to the semi-local case. Let Fi,..., F m be finite exten- 
sions of Q p and put F = Fi x . . . x F m . Let R be a ring (equipped with the 
discrete topology). For a±, . . . , a m € R* and we put a = (ai, . . . , a m ) and 
Xa ■ F* R*,(x 1 ,.. z ,x m ) >->• Xa(xi,...,x,,n) = UiLi Xa r ( x i) ■ We define 
the i?[G(F)]-module C®(F,R) as before, i.e. C®(F,R) consists of continuous 
maps 4> '■ G(F) — >■ R satisfying (13) with Xa replaced by Xa- It is eas Y to 



see that 

m m 

C^i?) — > C%(F,R), ®T=ih H- ((51, •••,5m) -> J] 

1=1 1=1 



is an isomorphism of i?[G(F)]-modules. We let C°(F, i?) C C°(F, R) denote 
the submodule generated by the images of C°. (i^, i?)o®(S)j=i C« 4 (-^j, ^) 
for all i € {1, ... , m} and put C°(F, i?) = C°(F, R)/C\(F, R) . Again we 
have 

m 

i=i 

For a subset 5 C {l,...,m} we put F$ = ILes ^i- L et S± = {i € 
{l,...,m}\ati = 1} and S 2 = Sf: = {1, . . . , m} - Si. We define the T(F)- 
equivariant map 

5a : C c °(F 5l x F| 2 , 22) — > Ca(F, R) 

by the same formula as (16). 

For a i?-module M we define again C-(F, M) = Hom R (C£(F, R), M) 
and let 

(20) ( , ) : C%{F, R) x C^(F, M) — > M 

denote the canonical pairing. Assume i7 is a subgroup of G(F) and M a 
-ff-module then we define an inaction on C-(F, M) as before. By passing 
in (19) to duals we get a T(F) n ff-linear map 

#* . c<*( F: M ) Dist(F 5l x Fg 2 ,M). 

Note that C-(F, M) C^(F 5 , C-(Fsc,M)) for any subset S of {1, . . . , m}. 
Note also that we have a canonical map C—(F, R) <X>.r M —> C-(F, M). In 
particular we get a map (g)™ 1 C a *(Fi,R) ->• C a ™(F m , (g)™" 1 C a *(Fi,R)) 
and by iterating this construction 

m 

(21) (g)C Qi (^,#) — > C^(F,R). 
i=i 

Finally, we introduce twisting operators which will be used in section 
5.1. Let x : F* — > -R* be an unramified quadratic homomorphism, i.e. for 
each i = 1, . . . , m the restriction x« of x to the factor Fj is unramified and 
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X 2 = 1. Put e = xi w i: ■ ■ ■ i^m) where Wi is a prime element of Of v For 
G qjfti^) define X G C^F, i?) by <f> x (g) = x(det(y))^»( 5 ). The map 
4> 4> x induces isomorphisms of i?-modules 

(22) Xw x :C2(F,i2)— >C4(F,fl) 

which satisfy x(det(#)) %to x {gcj)) = gTro x ((/>) for all g G G(F) and G 
C°(F,i2). Also for a subgroup i7 of and a i?[#]-module M the iso- 

morphism (22) induces 

1ro x : C^(F, M) — ► C-(F, M) 

which is adjoint to (22) with respect to the pairing (20) and satisfies h%to x {\) 
= X (det(h))1tt) x (h\) for all h G H and A G C^(F, M). 

3. Special zeros of p-adic L-functions 

Notation. We introduce the following notation which will be used throughout 
the rest of this paper. F denotes a totally real number field of degree d + 1 
over Q with ring of integers Of- For a non-zero ideal a C Of we set 
AT (a) = jJ(0F/a). We denote by P F the set of all places of F and by Pf 
(resp. Soo) the subset of finite (resp. infinite) places. For a prime number £, 
we shall write Se for the set of places above I. We denote by cfq, . . . , the 
different embeddings of i* 1 into R and let cxdo, • • • , oo^ be the corresponding 
archimedian places of F. Elements of Pp will be denoted by v,w or also 
by p,q if they are finite. If p G P|?, we denote the corresponding prime 
ideal of Of also by p. For v G Pp, we denote by i 7 ,, the completion of 
F at v. If f is finite then O v denotes the valuation ring of F v and ord^ 
the corresponding normalized (additive) valuation on F v (so ord v (vj) = 1 
if w G O v is a local uniformizer at v). Also for v G Pp we let | ■ |„ be 
the associated normalize multiplicative valuation on F v . Thus if v G S*oo 
corresponds to the embedding a : F — > M then = |c(x)| and if v = q is 
finite then \x\ q = N(q)~ OTd ^ x \ For v G P_f we put U v = if v is infinite 
and U v = O* if u is finite. Moreover if f = p is finite and n > 0, then we 
also put f/i"^ = {x G ordt,(x — 1) > n}. 

Let A = Ap be the adele ring of F and I = Ip the group of ideles. 
Let | • | : If — > R* be the absolute modulus, i.e. |(x,;)„| = Yi v \ x v\v for 
(x v ) v G If- For a finite subset S C Pp we let A s (resp. I ) denote the S- 
adeles (resp. 5-ideles) and put F$ = fives We also define U s = Y\v<^s Uv 
and U s = UveS U v For T Q P Q = {2,3,5, ... ,00} and S = {v G P F | 
v\q G T} we often write Ft, A t , I t etc. for F$, A 5 , I 5 etc. We also 
write U p , U p , U p ' s , U p >°° etc. for U^ , U {p} , U s ? uS , U s ? uS ™ etc. and use a 
similar notation for adeles and ideles. Thus for example for a finite subset 
S of Pj?, I 5 ' 00 denotes the set of S U S^-ideles and for I G Pq we have 
F e = F®Q e = U veSe F v . 

We fix an (additive) character ip : A — > C* which is trivial on i 7 . For 
v G Pp let V'd denote the restriction of ^ to F v <—} A. For convenience 
we choose ip so that Ker(ip p ) = Op for all p G 5 P . Let dx (resp. cfe„) 
denote the associated self-dual Haar measure on A (resp. on F v ). Thus 
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dx = Y\ v dx v . For v G P_p we define a normalized Haar measure <ix * on 
F* by cte* = m v -^- where m„ = (1 - j^)^ 1 if v G P|? and m„ = 1 if 
v G ^oo- For a character x '■ I/F* — >■ C* and « £ P/ we denote by %i> its 
^-component, i.e. x*j : ^* ^ I ~ ^ C*. The Gauss sum r(x) = r(x, ^) of % 
is then defined as r(x) = ]lp|f( x ) r (Xp)- 

We denote by F£ the totally positive elements of F and by G(F) + (resp. 
G(F 00 ) + ) the subgroup of G(F) (resp. G(F 00 )) of elements with totally 
positive determinant (note that G(F) + = SL 2 (F)/{±1}). The subgroups 
B(F) + C 5(F) and T(F)+ C T(F) are defined similarly. Furthermore 
we define subgroups K+ C C G(Foo) as the image of 0(2) Hom ( F ' R ) C 
GL 2 (F QO ) and SO(2) Hom ( F < R ) under the projection GL 2 (Foo) -> G(Foo) (thus 

= if+ nG(F 00 )+). 

There is a canonical G(Foo) + -action on M d+1 where H: = {z G C | 
Im(z) > 0}; the embeddings do, . . . , (Jd allow us to identify G(i ? DO ) + with 
(G(M)+) fl!+1 and the latter group acts on M d+1 through linear transforma- 
tions factor-by-factor. For g = (go, . . . , ga) G G(F OQ ) + and z = (zq, ... ,Zd) G 
M d+1 we define j(g,z) = Ut =0 j (g„ , zj) where j( 7 ,z) = det( 7 )- 1 / 2 (cz + d) 

if7= (c d) 

Let n be a non-zero ideal of Of- For v G P|? we put Ko(n) v = {A G 
G(O w )| A = *^ mod nO w } and set K (n) = n„ e p« ^o(n) v . If 5 C 
Pf we also put Fo(n) 5 = ELeP^-s #o(n)„. 

3.1. Rings of functions on ideles and adeles. 

The module & C (F V ,K). Let v be a finite place of F and let K be a Hausdorff 
topological field (in the application v will be a place above p and K & p- 
adic field). We identify C c (F*,F0 with the submodule {/ G C C (F V ,K) \ 
f = near 0} of C C (F V ,K) and define 

& C (F V ,K) = C C (F V ,K) + C C (F:,K). 

Both C C (F*,K) and C b c (F v ,K) are F^-submodules of C C (F V ,K). For / G 
C C (F*,K) U " and s G F* the infinite sum 

oo oo 
n=0 n=0 

is finite and one easily checks that F* — > K, x *— > (Yl^o wfl f)i x ) extends to 
a function in C®(F V , K) which will be denoted by {l — w)~ 1 f. For example if 
/ = ljj v then (1 — m)~ 1 f = 1q v - Thus we obtain a FJ-equivariant K-linear 
monomorphism 

(23) C C {K,K) U « ^C° C (F V ,K), /^(l-^)- 1 / 

Its image is C®(F V , K) Uv . Hence if we consider the following two-step filtra- 
tion F* on C b c (F v ,K) 

(24) J* = & C (F V ,K), F l v =C Q c {F v ,K) u \ F 2 V =Q 
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then we have for the associated graded FJ-modules gr^- = F^ /F^ +l 



(25) gr n Tv 
Note also that 



f C C {F;,K)/C C {F*,K) U * ifn = 0, 
C C (F*,K) U ^ ifn=l, 
otherwise. 



(26) C C (F:,K) U * C C {F*/U V ,K) Indgtf, 
C C {FZ,K)/C C {FZ,K) U « - Indg(C c (C/;,K)/K). 

The module & c (Si,S 2 ,K). Consider now two (possibly empty) disjoint 
subsets Si, of S p and let R be a topological Hausdorff ring. We define 

C(S U S 2 , i?) = C(F Sl x F£ x p.°°/E/P>°°, i?), 
Co(Si,S 2 ,i?) = a^x^xl^/^fi), 
C c (Si, S 2 , i?) = C c (F Sl x F| 2 x T?>°°/UP>°°, R), 
C°(S 1 ,S 2 ,R) = C°(F Sl x F| a x I P '°°/U P,0 °,R). 

We have 

C c °(Si,S 2 ,i?) CC C (S 1 ,S 2 ,R) cCo(Si,S 2 ,i?) CC(S 1 ,S 2 ,R) 

(for the first inclusion see Prop. 3.1 below). Note that if i? carries the 
discrete topology the first three rings are all equal. 

Assume now that S = S p so Si U S 2 = S p and that K = R is a field. 
We define the submodule C£(Si, S 2 , if) of C c (Si, S 2 ,K) as the image of the 
embedding 

(g) & C {F V ,K) ® C c (I Sl '°7tf s '°°, if) — ► C c (Si, S 2 , if). 

We have 

C°(S U S 2 ,K) C(*(S U S 2 ,K) CC C (S 1 ,S 2 ,K) CC(S 1 ,S 2 ,K). 

The filtrations (24) on C\(F V ,K) for all w € Si induce a filtration J 7 * on 
C£(Si,S 2 ,K). For n = (n v ) veSl € ^ put \n\ = E v n v Then T m & c {F v ,K) 
is defined as the image of 

^J^& C (F V ,K)^C C (I S ^°°/U S ^,K) -^C C (S 1 ,S 2 ,K). 

nSZ s i ,\n\=m veSi 

We get for the associated graded quotients gr^ = F m /F m+l 

(27) gr^ = (g)gr^®C c (I 5l ^/l^°°,if). 

\n\=m veSi 

We fix a splitting of the exact sequence 1 — >■ £7+ — >• F}: — >■ T: = F+/E + — >■ 1, 
i.e. we fix a subgroup T Q F+ such that Fjji = F + x T. 

Proposition 3.1. & C (S 1 ,S 2 ,K) is a free K[T]-module. 
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Proof. It is enough to prove that each graded quotient gr^ and therefore 
each summand in (27) is a free K[T]-module. Since 

C C {1 S ^°°/U S ^,K) Ind^~ C c (U Sl, °° /U S '°° , K) 

we deduce using (25) and (26) that each summand in (27) is isomorphic to 
a i"C[I°°]-module of the form Ind[^o V for some K[U°°}-modvt\e V. Hence it 
is free a -fT[T]-module. Indeed, since by assumption T D U°° = 1 we have 
Ind^/oo V = ©j =1 liad[ XiV (as T-modules) where {xi, . . . , Xh} is a system 
of representatives of T° /U°°T = I^/U^F* (cf. [Bro], Prop. 5.6, p. 69). 

□ 



3.2. Computation of <9((log p oJ\f) k ) for k = 0,...,r. 

Definition of d. Assume again that SiUS^ = S p and that R is a topological 
Hausdorff ring. Let Q p = Gal(M/F) is the Galois group of the maximal 
abelian extension M/F which is unramified outside p and 00. We shall now 
construct a canonical homomorphism 

(28) d : C(G P ,R) — > H d (F*,C c (S 1 ,S 2 ,R)). 

Let E + be the group of totally positive units of Of- Firstly, there exists an 
isomorphism 

(29) c{g p ,R) — ► h (f;/e + ,h°(e + ,c c (s p ,r))) 

defined as follows. Let E+ be the closure of E+ in U p and let pr : I 00 /U p '°° — > 
I°°/(E + x U p >°°) denote the projection. The map 

C C (I°°/(E + x V*>°°),R) — ► #^ + ,C c (I~/E/*'~ ii)), /^/opr 

is an isomorphism. Hence its inverse induces an isomorphism 
(30) 

Fo(F;/E + ,F^^ + ,c c (i~/^,i?)))^Fo(F;/^ + ,c c (i-/(i? + x^ oo ),i?)). 

The reciprocity map of class field theory p : I/F* —■ Q p induces a surjection 
p : l°°/(E + x UP' 00 ) -»• £ p whose kernel is discrete and ^ F*/E + . It follows 
that the map 

(31) p» : H q (F;/E + , C c (I°°/(E + x C/*°°), R)) — > C(0 p , i?) 

defined by p'([/])(p(x)) = /(C^) is an isomorphism as well. The 

map (29) is the composite of (30) with (31). 

Let A be any F^-module. Next we construct a homomorphism 

(32) H (F*/E + ,H°(E + ,A)) — > H d (F+, A) 

Since £+ ^ Z d we have H d (E + ,Z) ^ Z. Choose a generator rj of # d (£+, Z). 
Since the action of F+/E+ on H d (E + ,Z) is trivial, taking the cap product 
with 77 yields an F+/£ + -equivariant map iJ°(E + ,^4) — )■ H d (E + ,A) hence 

(33) Ho(F;/E + ,H°(E + ,A)) — > H (F;/E + ,H d (E + ,A)) 
We define (32) as the composite of (33) with the edge morphism 

(34) H (F+/E + , H d (E + , A)) -> iZ^A) 
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of the Hochschild-Serre spectral sequence. 

There is in fact a canonical choice for rj. Consider the action of E + 
on < +1 = {(x , . . . , x d ) G R d+1 1 Eto x i = °} S iven b y a " (*<>, ...,x d ) = 
(log(o"o(a)) + xo, • • • , log (ad (a)) +x d ). The ci-dimensional manifold 1Rq +1 /F + 
is oriented and compact. We chose rj G H d (E + ,Z) so that it corresponds 
to the fundamental class under the canonical isomorphism H d (E + ,Z) = 
H d (R d+1 /E + ,Z) (thus rj depends on our chosen ordering of the real places 



Finally we define (28) is the composite of (29), (32) (for M = C C (S P ,R)) 
and the map H d (F*,C c (S 1 ,S 2 , R)) — »• H d (F*,C c (S 1 ,S 2 , R)) induced by the 
inclusion C C (S P , R) C C C (S±, S 2 , R). 

Fundamental homology classes. We put r = (((Si), m = $(S P ) and order 
the places above p, so that Si = {pi,...,p r } and S 2 = {p r+ i, . . . ,p m }. 
Beside rj G Hd-i(E + ,7 l ) we consider two more canonical homology classes 
$ and q. To begin with we introduce the following F^-action on R d+1 , lR r 
and I Sl > ^/U Sl '°° 

a • (x , • • • ,x d ) : = (log(cri(a)) + xi, . . . , log(a d (a)) + x d ), 
a ■ (yi, . . . ,y r ) := (ord Pl (o) + yi, . . . ,ord Pr (a) + y r ), 
a ■ (xv)vgS 1 uS 00 ■= {ax v ) v ^s 1 us 00 - 
Let M be the submanifold of R d+1 xfx iSi.oo/jjSi.oo defined by the equa- 



and put Mi : = R r x We have 

H (M,Z) £S H (M 1 ,Z) £S C c (I Sl,oo /l7 Sl > 0O ,Z) 

where the first isomorphism is induced by the projection M — >■ Mi. The 
group F| (resp. T: = F+/E+) acts properly discontinuously on M (resp. 
on Mi) and the projection ir : M/F+ — >■ M\jY is a fiber bundle with fiber 
= M d+1 /F + (in fact it is easy to see that it is trivial i.e. it is homeomorphic 
to the trivial bundle M 1 /T x R d + 1 /E+ over M 1 /T). The base M 1 /T is a 
compact oriented r-dimensional manifold. 

Definition of rJ. Define ■& as the image of the fundamental class under the 
composition 



H d+r (M/FZ,Z)^H d+r (F*,H (M, Z)) = H d+r (F*, C C (I S ^°° /U s ^°° , Z)) 

— >• ^ +r (F;,c c (i^'°°/[/^,z)) = ^ d+r (F;,c c (0,5 2 ,z)) 

where the last map is induced by the projection I 51 ' 00 /U p >°° — >■ \Si,oo jfjSi,oo _ 



If i? is arbitrary topological Hausdorff ring, then - by abuse of notation - 
we denote the image of 1? under the canonical map H d+r (F+, C c (0, £2, Z)) — > 
H d+r (F*,C c (H>,S 2 ,Z)) also by tf. 

Definition of g. Let T be any subgroup of F+ such that Tn F + = {1} 
and TE + has finite index in (we are mainly interested in the case F+ = 



of F). 



tion 
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E + x T) so that the group 7" acts properly discontinuously on M±. Let 
QT G ^(^C^I 51 ' 00 /^' 00 ,^)) be the image of the fundamental class of 
the oriented r-dimensional compact manifold M\jT under the canonical 
the map 

(35) H r (Mi/T, Z)) H r (T,H (M 1 ,Z)) * H d+r (T, C c (I Sl >°° /U Sl >°° , Z) 

— > flrCr, c c (i Si >°°/u*>> oo ,z)) 

Remarks 3.2. (a) If T and T' are subgroups as above with T' Q T then 
we have res (^7-) = Qq-i. 

(b) Let 71 = {x G T| ordq(x) = Vq Si}, let 7i be a subgroup of 
7~ with T = 7~i x 72 and let 7-2 be a fundamental domain for the action 
of T 2 on iSi>°°/e/p>°° SU ch that U Si T = F. Then C7 c (I 5l ' 0O /^7 ^, ' 0O , Z) ^ 
Ind^ C(7 r 2,Z) hence by Shapiro's Lemma 

(36) ff.(T,C c (I 5l '~/E/ I '' 00 ,Z)) = tf.(Ti,C(.F 2 ,Z)) 

Let £-1 G flr(71, Z) ^ H r (W/Ti, Z) be the fundamental class of R r /71. Then 
£1 <8> ljr 2 is mapped to g-j- under 

(36) 

F r (Ti,Z)®C7(J2,Z) ri Ai7 r (Ti,C(J2,Z)) H r (T,C c (I Sl > 0O /U'' 0O ,Z)). 

For a subgroup T C Ff such that F£ = _E + x T we shall explain the 
relation between the homology classes £7-, 77 and 1?. Consider the Hochschild- 
Serre spectral sequence 

E 2 pq = H p (E + ,H q (T,C c (I s ^/U^,Z))) => Wn^cCI^/t/^Z)). 

Here we have = if p > d or q > r (the latter follows from (36) 
above since 71 is free-abelian of rank r). Thus we get an isomorphism 

E d-l,r - E d+r-l i-e- 

(37) 

Hd(E + , H r (T, C c (I s i>°°/U s i>°°, Z))) i7 rf+r (F|, C^I 51 ' 00 /^ 51 - 00 , Z)). 
Lemma 3.3. £7- is mapped to t? under the composite 

H r (T, C^I 51 ' 00 /*/^ 00 , Z)) B + H d (E + , H r (T, C c (I Sl >°°/UP>°°, Z))) 

(37)) 

- i7 d+r (F;,C c (I s i'°°/C/^,Z)) 

Recall the definition of cohomology classes defined in 2.9 (b). 

Definition 3.4. 7ei p £ Si, let R be a topological Hausdorff ring and 
let £ : F* ^ R be a continuous homomorphism. We denote by q G 
i7 1 (F p *, C c (F p , i?)) i/ie cohomology class of the 1-cocyle (18) fie. of the co- 
cycle ze(a) : = (1 - a)(£ ■ lo p ) for a e F+). 

By abuse of notation we shall write q instead of res(Q) G H 1 (H,C c (Fp, 
R)) for any subgroup H of F*. We are interested in the case H = F£, 
R = C p and either £ = ord p or £ = log p oNf p /q p and will derive a formula 
for (c£ U . . . U cg fr ) n 1? in both cases. 

We begin with the first case. Let H: = {x G F+\ ord p (x) = V p G Si}, 
Hi : = {x G F+\ ordp(x) = V p G S p } and let T\ denote a fundamental 
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domain for the action of H 1 /E + on p.°°/[/P.°°. p ut X : = IlpeSi °P x 
n pG s 2 Cp x J"i C F Sl x F| a x 1p,°°/up>°°. The characteristic function of 
X clearly lies in H°(E + ,C®(Si, S I 2,Z)), hence defines an element [1^] G 
HoiFl/E+^iE+^iS^S^Z))). 

Proposition 3.5. For p e S p put c p = c ordp G tf 1 ^, C°(F p , Z)). We have 

e([l*]) = (-i)©( Cpi u...u Cpr )n 1 ? 

//ere e denotes the map (32) /or ^4 = C°(<Si, S^Z). 

Proof. Similar as above we denote by g\ G H r (F^_/H,Z) the homology 
class which corresponds to the fundamental class of W/F+ under the natural 
isomorphism H r (F*/H,Z) ^ H r (W/F* , Z). By taking the cap product 
with n we can identify C c (I Sl '°° /U Sl >°°, Z) E + with H d (E+, C^I 51 ' 00 /?/ 5 ' 1 ' 00 , 
Z)). Note that J": = {1} x J"i C F*JU S2 x p>°°/C/J»>°° = p^oo/^Si.oo 

is a fundamental domain for the action of H = H/E+. Hence if B: = 
C c {l^>™/U s ^°°,Z)) then H (H,B) = H (H,hid n ' C(F,Z)) C(F,Z) and 
H q (H,H>) = for q > 0. Consider the Hochschild-Serre spectral sequence 

£ p 2 9 = H p (Fl/E + ,H q (E + ,B)) => E p+q = H p+q (F;,B). 

We have E 2 vq = if q > d and E 2 pd H P (F*/E + ,B) H P {F%/H, H (H, D)) 
= if p > r. It follows E d+r ^ Define 

(38) H r (FZ/E+,B) ^% H r (Fl/E + ,H d (E + ,0)) <= H d+r (Fl,D) 

HH d+r (Fl,C c (<b,S 2 ,Z)). 

It is easy to see that g is mapped to $ under (38) and that [lj-] <g> 01 is 
mapped to g under 

H°(Fl/H,H (H,B))®H r (Fl/H,Z) A H r (F*/ 'H,H (H : ,B)) 

-tf r (F;/£+,B). 

Note that we can view c p = c or d p as an element of H l {F+/ H,C®{Fp,Z) H ). 
The assertion thus follows from 

(-i)G) (c Pl u . . . u Cp j n ei = [i 0gi ] g i? (n/^ Cc ^,^) 

where Os 1 = IlpeSi ®P- tnat P u * Z P = z ord p f° r P G Si and choose gener- 
ators t±, . . . ,t r G -Pjl / H such that ord Pi (ij) = 1 and ord Pj {pi) = for all j 7^ i, 
1 < i < T". Note that £ rd p .(ii) = ^ley an d z ordp.(^') = for j 7^ i. Since 
the fundamental class of W / (t±, . . . , t r ) is the cross product of the fundamen- 
tal classes of R/(t\), . . . ,M./(t r ) the r-cycle X]o-es r sig 11 ! ") [*<r(i) I • • • l*o-(r)] i s 
a representative of £1 (see [Ml], Ch. VIII, 8.8). Hence 

sign(cr) z Vl (t a(1) ) <g> t CT{ i)Z P2 (t a(2) ) <g> . . . <g> t a(1) . . . t CT ( r _i)2 Pr (t CT ( r )) 

r 

= z P i (*i )(E>... <8> ^p r (*r) = JJ*i • lo Sl 

1=1 

is a representative of (— l)^)(c Pl U . . . U c Pr ) n g\. □ 
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We consider (28) for R = C p , i.e. d : C(G P , C p ) — > H d (Fl,C c (Si, S 2 ,C P )). 
Let M : Q p — > Z* be defined by 7C = (-^^ for all p-power roots of unity £• 

Proposition 3.6. For p G Si put £ p : = log p °Np /q '■ Fp* -> C p . We have 

(a) a((log p oA^) fc ) = for all k = 0, 1, ... ,r - 1. 

(b) d((log p oM) r ) = (-i)0( c<1 u...u Qr )ni 

Proof. We choose again a subgroup T C such that FJ. = E+ x T . We 
denote by £ : I — > Q p the composite 

i:i^g p ^z; l ^® p 

and for a place w of F let ^„ : ^ If — > Q P be the v -component of I. 
Note that for x = (x v ) G If we have £ v (x v ) = for almost all u and 

q 

Let J 7 C I 00 /^' 00 be a compact open fundamental domain for the action 
of T such that [TpJ 7 = F. The function (log p oJ\f) k is mapped under the 
inverse of (29) to the class of l k \j. 

Since Z£ p (a) = (1 — a)(£ ■ lo p ) is a 1-cocyle with values in Cl(F q ,C p ) we 
can view C£ as an element of H 1 ^*, C b c (F q ,C p )). Therefore the right hand 
side of (b) can be viewed as an element of Hd(F+,C b c (Si, S 2 , C p )). Note also 
that £ k ljr lies in H°(E+, C b c (S 1 , S 2 , C p )). Therefore it suffices to show that 
the class [£ k ljr] G H (T,H°(E + ,C h c (Si,S 2 ,C p ))) is mapped to (resp. to 
(-l)G)( c<1 U...Uc <r )) und 

fl- (r, #°(£+, c^(Si, s 2 , c p ))) ^1 ^(f;,^^, 5 2 , Cp)) 

for fe = 0, . . . , r — 1 (resp. for k = r). 

After this preliminary remark we prove (a). Consider the commutative 
diagram 

H (T,H°(E + ,C b c (S 1 ,S 2 ,C P ))) >H°(E + ,H (T,C b c (S 1 ,S 2 ,C p ))) 

\ ( 32 ) J nr > 

^(^,^(51,52,^)) -^^(S+.ffoCT.C^-Si.^Cp))) 

where the upper horizontal arrow is the canonical map induced by the inclu- 
sion H°(E + ,C h c (Si,S 2 ,C p )) ^ C b c (S 1 ,S 2 ,C p ). By Prop. 3.1 the coinfiation 
H.(F*,C b c (Si,S 2 ,C p )) -> flo (T,C^ (Si, 5 2 ,C P ))) is an isomorphism. 

Hence it remains to prove that the image of [£ fc lj-] under the upper horizon- 
tal map vanishes, i.e. we have 

(39) l k ljr g I(T)C b c (S 1 ,S 2 ,C P ) for all fc = 0, 1, . . . ,r - 1 

where I(T) C C P [T] denote the augmentation ideal. 

We may shrink T. In fact if T' C T is a subgroup of finite index then it fol- 
lows from Prop. 3.1 that res : H (T, C b (Si, S 2 ,C p )) -> #o(T', C^(5i, S 2 , Cp)) 
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is injective and if T' C I°° /U p '°° is a fundamental domain for the action of 
V then we have ves([£ k l T ]) = [£ k l T '\- 

Hence we may assume that 

(40) T=T p xT p and T p = (h, . . . , t m ) 

with ord Pi (ti) > and ord q (ij) = = ovd Pi (t) for all i G {1, . . . ,m}, t G T p 
and all finite places q / pj. Put Fj : = F Pi , Oi : = Pi and .Fj : = Oi — tiOi for 
i = 1, . . . , m. Let T p C p- 00 /;/?- 00 be a fundamental domain for the action 
of T p . Then J 7 : = UiLi^i x T p Q \°° /U p >°° is a fundamental domain for 
the T-action. 

pr £ 

We also denote by £ p resp. £ p the map £ p : If — ^ F p ^ If — >■ Q p resp. 

F : If 1 P F ^ If Q P so that £ = £ p + £P and £ p = £™ l 4 where 
4 = ^If„ for % = 1, . . . , m. We will show 

(41) ^ljr G I(Tp)Cl(Si,S2,C p ) for all & = 0,l,...,r-l 

where I(T P ) C C p [7~j] denote the augmentation ideal. Since t£ p = £ p for all 
t & T p this implies 

(42) 1^ G /(7;)^(5i, 5 2 , Cp) C I(T)& C (S U S 2 , C p ) 
for all k,j > with < r — 1 and therefore (39). 

For 5C{l,...,r}we set 

m 

i€S iGS c i=r+l 

where H c denotes the complement of E in {1, ... , r}. For n = (ni, . . . , n m ) 
G N™ with rii = for all i G H we let A(S,n): = (II™ i O • V E G 
C^(S , i,S 2 ,C p ) i.e. A(E,n) is given by 

\ft n W Tl t ™P,oo\ _ J lli=l £i( x i) n * ^ ( x l) • • • i x m, X P '°°) G J 7 -; 

A^,nj^i,...,x m ,x J-| otherwise. 
Put |n| : = Ya=i n, i an< i • = Y\i=i n i-- Then, 

(43) £ k l T = ^ ^A(0,n). 

|n|=fe -' 

Thus (41) follows from 

Lemma 3.7. 7/|t(S) + |n| < r tfien A(S,n) G 7(7 p )C^(S'i, S 2 , C p ). 

Proof. We first remark that for two functions f,g : I 00 /U p,0 ° — > C p and 
t G F* we have 

(1 -t)(f-g) = ((1 - t)/) • 5 + / • ((1 - t)g) - ((1 - t)f) • ((1 - t)g). 

For n,n' G N™ write n' < n if n- < for all i and n' / n. By using 
((1 — t)£i)(x) = £i(x) — £i(t~ 1 x) = £i(t) one can easily show that we have 

m m 

(44) (i - 1) n ^ = e v n £ ? 

i=l n'<n i=l 
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for some a„/ G C p . In fact if n' G N™ with n' < n and |n'| = |n| — 1 and if 
i G {1, ... , m} with = n« — 1 then 

(45) <v = rii£i(t). 

We prove the assertion by induction on |n|. Assume first that n = = 
(0, . . . , 0). Let i G E c (E c ^ since (1(H) < r). Then 

A(H,g) = (i-ti)A(su{i},o)G/(r^(s 1 ,s 2 ,g. 

Now assume that |n| > 0. Since (J(S) + X^g~ c n « — tt(^) + N < r > there 

exists j G ~ c with = 0. Put S': = 3 U {j}. Modulo J(7^)C£ (Si, 5 2 , Cp) 
we obtain 

m m 

(46) A(S,n) = [J C • V E = II ^ • (1 - 

1=1 1=1 

m m, 

= (i - i,)A(s',n) - ((i - tj ) n ^) • + ((i - «,■) n £ d • I** 

i=i i=i 

= -((i - *,■) n ^) • + ((i - w n c i ) • v E - 

i=i i=i 

By (44) and the induction hypothesis we have 

m 

((1 -*j)JI ■ 1^ e E C p A(S',n') C /(T p )^(Si,S 2 ,C p ) 

i=l n'<n 

and 

m 

((l-^II^D-^e J2 C p X(E,r ! /)CI(T p )Cl(S 1 ,S 2 ,C p ) 

i=l n'<n 

hence A(E,n) G /(7^)C^(5i,5 2 ,Cp). □ 



Next we want to write (Xl^i^) r l^ r ~~ modulo I(T)C c (Si, S2, C p ) - as a 
linear combination of a particular subset of {A(S,n)| #(£) + |n| = r} (this 
will be used in the proof of Prop. 3.6 (b) below). For that we need to 
introduce more notation. 

For S C {l,...,r} and a map / : E — > {l,...,m} we let n(f): = 
- - - , tt(/ _1 ("»))) G Ng*. If in particular / : H -)■ {1, . . . , m} is 
the inclusion we write n(S) rather than n(/). We define 

A H : = A(~ c ,n(~)) = (Q ^)-l^=- 

Note that A= = flies ^ where for i G {1, . . . , r} we have 
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Lemma 3.8. Modulo I{T)& c {Si,S 2 ,<C p ) we have 



(X>) r l^r!det 



/Al+^l(tl)A M*2)Afl ... h(t r )A $ \ 
^ 2 (ti)A A 2 + ^ 2 (t 2 )A ... ^ 2 (ir)A 



i=i 



\ £ r (h)A $ M*2)A 



A r + 4(t r )A y 



Proof. For E C {1, . . . , r} we denote by M(S) C Maps(5, {1, . . . , m}) the 
set of maps / : H -»• {1, . . . , m} with /(S) % S for all 5 C 5, 5 ^ 0. 

Let n G N™ with (J(S) + |n| = r. Firstly, we show that modulo /(T)^(S'i, 
S2, C p ) we have 

(47) A(H,n) ss n! £ (-l)laCfll ( ]J £ /( . )(t .) ) A Sc _ T 

where the sum runs through all pairs (T, /) with T C H c and / € M(T) 
such that n(/) + n(H c — T) = n. 

In the case rii > for all i € E c we show that both sides of (47) are 
= Awe. Since |n| > H(H C ) = r — (J(S) = |n| we have n = n(H c ) hence 
A(S,n) = Ace On the other hand if T C E c and / : T — > {1, . . . , m} is a 
map with n(/) + 2l(E c — T) = n, then n(/) = 2l(E c ) — n(S c — T) = n(T) 
and therefore /(T) = T, hence T = 0. Consequently, the left hand side of 
(47) consists of only one summand A=c . 

Now assume rij = for some j 6 E c . By 3.7, (44), (45) and (46) we get 

m 

A(E,n) = -((l-^IlC 1 )-^) 



i=i 



= - ajji A(HU{j},n') 

n' <n, I n' I = I n| — 1 

= Yl n /(j)^/(j)(*j) A(HU{j},n') 

(/,«') 

where the last sum runs through all pairs (f,nf) with / € M({j}) and 
n(f) +n' = n. Now (47) can be easily deduced by induction on U(H C ). 

By (43) and (47) (for E = 0) we have 



(48) £>r^ = h ^ (-i)i^ c )i ^ nw*o|As. 

3C{l,...,r} \/eM(5 c ) i£5 c 



i=i 

On the other hand 



det 



/ r Ai+4(ti)A ^i(t 2 )A 
£ 2 (*i)A A 2 +£ 2 (t 2 )A 



4(t r )A \ 
£ 2 (t r )A 9 



\ £ r (ti)A$ 4(i 2 )A ... A r + e r (t r )A 9 ) 



SC{l,...,r} 
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f-h (^H ) • • • (^»fc)^ 



where a= = det (4 (£?)), 



det 



if ~ c 



{*i < 



• • • < 4}- 

Note that £]j=i = l°Sp(N.KyQ(*i)) = since N x /Q(ii) is a power of 

p (for all i € {1, . . . , m}). The assertion follows from (48) and the following 
result about determinants. □ 



Lemma 3.9. Let k < m be positive integers and let (a,ij) i=1 k j=i m ^ e 
a k x m-matrix with entries in a commutative ring such that 5^j=i a ij = 
for all i = 1, . . . , k. Then, 

k 

det (",,!,, , ;, = (~l) k E II a *m 

f *=1 

where the sum runs through all maps / : {l,...,fe} — > {l,...,m} mi/i 
/(5) ^ 5 /or a// 5 C {1, . . . , k}, S + 0. 

Proof 2 By replacing an with - £^ • a„ in J2aeS k s[ S n ( a ) UiLi a ia(i) and 
expanding the sum we get 

det( aij ) i j=h k = E (-l) fc_H(S) sign(cr) a iCT(i) JJ a ig{i) 
(H,o-,s) ies ie= c 

where the sum ranges over all triples (S, cr, 5) with E C {1, . . . ,k}, a is a 
permutation of S without fixed points and g is a map E c : = {1, . . . , k} — S — >■ 
{1, . . . , m} without fixed points. 

Let / : {1, . . . , k} — > {1, . . . , m} be a map without fixed points and let 
E C {1, . . . , k} be the largest subset with /(H) = S. If we decompose the per- 
mutation /|s into disjoint cycles o~i • • • at of length l±, . . . , If, then it is easy 
to see that the coefficient of n*=i a i.f(i) 1S (~^) h llj=i(l + sigii(crj) (— 
Thus it is = except when S = 0. □ 



Proof Prop. 3.6 (b) We first show 
(49) [flj] = (-i)G) ( c<1 u . . . u Qr ) n £ T 

in Hq(T, & c (S\, S2, Cp)). As before if T' is a subgroup of finite index of Tthe 
injectivity of res : Hq(T,C^.(Si,S2,C p )) —> Hq(T' , C° c (Si, S2, C p )) together 
with res (07-) = g-r' implies that in order to prove (49) we may shrink T so 
we can assume that T is of the form (40) . 

By (42) we have modulo I(T P )& C (S 1 ,S 2 ,C P ) 

fir = E \)^ P ) r ' ll r = f p lr = Q>>) r ^ 

j=0 i=l 



Due to V. Paskunas 
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so we may replace £ r ljr by (X^2=i ^j) r lj r on the left hand side of (49). 

We will use the notation of the proof of part (a). Furthermore we put 
71 : = (h, . . . , t r ), 72 : = (U+i, ■ ■ ■ , t m ) x To and Ti : = Yl^L r+1 Ti x To so 
that T = 71 x 72, T = 111=1*^ x Ti an d ^"2 is a 71-stable fundamental 
domain for the action of 7i on I 5 !' 00 /;/? 5 ' 00 . 

Since £1 G i7 r (71,Z) = H r (W" /71,Z) can be represented by the r-cycle 

So-eSV s ^§ n ( a ) [*<t(i) I • • • l^o-(r)] ( com P are t ne proof of Prop. 3.5) together 
with Remark 3.2 (b) we conclude that 

^2 Sign(cr)z £l (t (7(1) ) <g) t CT (i)^ 2 (t CT (2)) 8...®^l)...t r (r-l^ r fe(r)) ® V 2 

is a representative of (-l)©^ U . . . U c £r ) n £> G #o(7~, Cj^Si, C p )). We 
have 

z ti (tj) = Sijiil^ + £i(tj)10i and t k z ti (tj) = z £i (tj) 

(modulo K ■ lj-J for all A; G {1, ... ,r} with j ^ k. Hence by 3.7 we 
obtain 

«*i(*<r(l)) ® ^(1)^2(^(2)) ® • • ■ ® * CT (1) • •■t <T (r-l)Ze r (t<T(r)) ® V 2 
= (^(l^llFi + ^l(*,7(l))l0i) ® ■ ■ ■ ® (^CT(r)^ljV + M*<7(r))l0r) ® ^ 
(modulo I(T)) for all cj G S r . Now (49) follows from 3.8. 

To finish the proof of Prop. 3.6 (b) consider the commutative diagram 

H r (F;,Ci(F Sl ))xH r (T, C c {l s ^°" /U^°°)) E + n °( resx l d ) jtfo(7 - ;C b (gi; g 2))E+ 

no(idx(38))) riri 

H d (Fl, C b c (S 1 ,S 2 )) — > H d (E+,H (T,Cc(Si,S 2 ))) 

where C b c (F Sl ) = & c (F Sl ,C p ), C c (I 5l '°° /UP>°°)) = C C (I S ^°°/U^, C p ) etc. 
and the maps res and coinf denote the restriction and coinflation with re- 
spect to T < -PJ: (recall that the latter is an isomorphism by Prop. 3.1). 
By (49) the image of the pair (q x U...Uc< r) qj-) under the composition of 
the upper horizontal map, the right vertical map and the inverse of coinf is 
(— 1)^ d((\og p oJ\f) r ). On the other hand its image under the first vertical 
map is (Qj U . . . U cg r ) (~l 1?. □ 



Remark 3.10. For fi G {±1} let e(p) G Z/2Z be given by ji = (-l) e (^. 
Let S: = {±l} d+1 . We write elements of £ in the form fi = (fio, . . . ,Hd)- 
Define the pairing ( , ):SxE — > {±1} by {^u) = (-1)£< Let 
C be a field of characteristic zero. For a C[S]-module V and /iGEwe put 
Vfj, = {v G V I vv = (j/,fj) v VV G X} so that V = (&^ eT/ V^. For v G V we 
denote by G its projection to V^. If /j. = (+1, . . . , +1) we shall also 
write v + instead of . 

We identify F*/F* with S via the isomorphism = F^/U^ ^ 

nf=o = S. Hence for any F*-module M we obtain an action of 
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£ on H q (F+, M). Note that $ is ^-invariant (since S acts trivially on 
i7 d+r (F|:,C , c (I s ' 1 ' 00 /?7 s ' 1 ' 00 ,Z))) as well as the cohomology classes defined in 
Def. 3.4. Consequently, the cap-product (c£ p U . . . U C£ tr ) n •& for £ p = ord p 
or ip = log p °N Fp /Q p are E-invariant. 

3.3. p-adic L-functions attached to cohomology classes. Let S\,S 2 
be arbitrary (possibly empty) disjoint subsets of S p . For a ring R and an 
i?-module M put 

V f (S 1 ,S 2 ,M) = Bist(F Sl x F* S2 xlP^/U p ^,M) = Bom R (C° c (S 1 ,S 2 ,R),M). 
It is easy to see that the functor M t— > Vf(S\, S 2 , M) is exact. Let 

(50) ( , ) : V f (S 1 ,S 2 , M) x C C (S!,S 2 , R)^M 

be the canonical (evaluation) pairing. Also for p G Si by (7) we obtain a 
pairing 

V f (S 1 ,S 2 ,M)xC° c (F p ,R)^V f (S 1 -{p},S 2 ,M). 

If H is a subgroup of I°° and M is an R [H] -module we define a ii-action 
on Vf(Si,S 2 ,M) by requiring that (x\,xf) = x(<j>,f) for all x G H, f G 
C°(Si,S 2 ,#) and \sVf{SuS 2 ,M). 

If if is a p-adic field and V a p-adic Banach space then we denote the 
subspace of measures of Vf(S\,S 2 , V) by 

V b f (S 1 ,S 2 ,V) = Dist b (F Sl x F| a x F' 00 /^ 00 ,^). 

The pairing (50) when restricted to V^(Si, S 2 , V) extends canonically to a 
pairing 

(51) ( , } : V){S U S 2 ,V) xC c (S 1 ,S 2 ,K) — ► V. 
Also for p £ Si by (9) we obtain a pairing 

(52) V§(S 1 ,S 2 , V) x C (F p , K) — > 2?J(5i - {p}, 5 2 , V). 

Assume now that Si U S^ = 5" p . Again, we order the places above p so 
that Si = {pi, . . . ,p r } and S 2 = {p r +i, • • • ,Pm}- The pairing (50) yields the 
bilinear map 
(53) 

n : F d " 1 (F;,P / ( < Si,5 2 ,M))xF d _ 1 (F;,C c (,Si, < S 2 , J R)) H {F^M) = M. 
For k G H d (F*,V f (S 1 ,S 2 ,M)) define /x K G Dist(£ p ,M) by 

(54) f fd)Mdi) = «na(/) 

for all / G C°(g p ,R). 

Suppose now that R = K is a p-adic field and V a If -Banach space and 
let k G fl" d (i^,X>J(5i,S 2 ,V)). By abuse of notation we denote its image 
under H d (F*,V b f (S 1 ,S 2 ,V)) -> H d (F+,T>f(Si, S 2 , V)) also by k. It is then 
easy to see that fi K is actually a measure. Thus we obtain a map 

(55) # d CF;,2?J(Si,S 2 ,V0) ^Dist b (g p ,F), « ^ ^ 
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The integral C(Q P ,K) — >■ V, f i-> j G ffx K admits also a description as a 
cap-product. More precisely (54) holds more generally for all / <G C(Q P ,K) 
(where d denotes now the map (28) for R = K equipped with the p-adic 
topology and the cap-product is induced by (51)). 

Recall that M : Q p — >■ Z* is defined by 7C = (-^^ for all p-power roots of 
unity (. For s G 7L P and 7 G Q p we put (7)* : = exp p (s log p (Af ('-/))). 

Definition 3.11. Let K be a p-adic field and V a finite- dimensional K- 
vector space. We define the p-adic L-function of k G H d (F^_,T> b j-(Si, S 2 , V)) 
by 

L p (s,k): = / (7)> K (c?7). 

The main result of this chapter is the following 
Theorem 3.12. Letr: = ${Si) and let k G # d (F* , Dj(5i, S 2 , V)). 

(a) L p (s,n) is a locally analytic V -valued function on TL p . We have 

ord s=0 L p (s, k) >r 

(b) For pe5i put i p : = log p o Np p /Q p : F* — > K. For the r-th derivative of 
L p (s, k) at s = we have 

L p r) (0, K ) = (-l)G) r\ (kUc^U.-.U ct Pr ) n •&. 
Here the cup-product is induced by (52) and the cap-product by (51). 

Proof. We have 

L<f\o, k)= f (log, oA0V K (d7) = K n 5 (( lo gp 

for all k G N. Hence the assertion follows from Prop. 3.6. □ 

Remark 3.13. The group E ^ acts on Hi(F*,V f (S 1 ,S 2 ,M)) or 

H q (F^_,V b (Si, S 2 , V)). Let be the Galois group of the maximal abelian 
extension of F which is unramified outside p. By class field theory we have 
an exact sequence F*/F^_ = F^/Uoo Q p —■ — > 1, which yields an 
action of £ on Q p . It is easy to see that (55) is S-equivariant. The fact that 
7 ^ (7) s factors through Q p — > implies that L p (s,k) = L p (s,k + ) for all 
k G H d (Fl,V b f (Si, S 2 , V)). Also by Remark 3.10 we have k D (q Pi U . . . U 

C£pr )rn? = K+n(c £pi u...uqjntf. 

3.4. Integral cohomology classes. For a given cohomology class k G 
H d (F*,Vf(Si, S 2 , C)) we will introduce a condition - called integral - which 
guarantees that /x K is a p-adic measure (in the sense of section 1.2) and which 
allows us to apply Theorem 3.12. To begin with we define the module of 
periods of k. 

Definition 3.14. Let k G H d (F^, £>/(Si, S 2 , C)) and Zei R be a subring of 
C. The image of 

H d (Fl,C° c (S 1 ,S 2 ,R)) ^F (f;,C) = C, x^kRx 
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will be denoted by L K) r. If R C Q then it is called the R-module of periods 
of K. 

Lemma 3.15. Let R C Q be a Dedekind ring. 

(a) If R' ~D R is a subring of C then L kR i = R'L K)R . 

(b) Ifn^O then L K<R ^0. 

Proof, (a) Since C°(Si, S 2 ,R') = C°{S 1 ,S 2 , R)®R' and R' is flat i?-algebra 
we have H d (F*,C° c (S 1 ,S 2 ,R))®R' = H d (F*,C^(S 1 ,S 2 ,R')). 

(b) By (a) it is enough to show L Kt c 7^ 0. This follows from the fact that 
the pairing (53) (for M = R = C) is nondegenerated. □ 

Definition 3.16. A cohomology class k € H d (F^,V f (S 1 ,S 2 ,C)), 
is said to be integral (or better p-integral) if there exists a Dedekind ring 
R C O such that k lies in the image of H d (F+,Vf(S 1 ,S 2 ,R)) ® R C -> 
H d (F+, T>f(Si, S 2 , C)). If in addition there exists a finitely generated R- 
submodule M C H d (F^,V f (S 1 , S 2 , R)) of rank < 1 (i.e. rank R M/M tor < \) 
such that k lies in the image of M ®rC — > H d (F+, T>f(Si, S 2 , C)) then k is 
called integral of rank < 1. 

Proposition 3.17. Let k € H d (F^, £>/(Si, 5 2 , C)), »c^0. T/ie following 
conditions are equivalent. 

(i) k is integral (resp. integral of rank <1). 

(ii) L r -q is a finitely generated O-module (resp. L k q is a free O-module of 
rank <1). 

(Hi) There exists a Dedekind ring R^O such that L K) r is a finitely gener- 
ated R-module (resp. L K>R is = or an invertible R-module). 

(iv) There exists a Dedekind ring R C O, a finitely generated R-module M 
(resp. an invertible R-module M of rank 1) and an R-linear map f : M —> C 
such that k lies in the image of the induced map /* : H d (F*j_,Vf(Si, S 2 , M)) 

-+H d (F},T> f (SuS2,C))- 

Proof. We consider only the case of arbitrary rank and will leave the 
necessary modifications to the rank < 1 case to the reader. The equivalence 
of (ii) and (hi) follows easily from 3.15 (a). 

(i) =>■ (iii) Let R be as in Definition 3.16. If we write k in the form k = 
£?=i QiKi with Ki € Im{H d (F*,V f (S u S 2 ,R)) -> H d (F*, V f (S u S 2 , C)) 
and Qi G C then L K)R C RQ 1 + . . . + RQ n . 

(iii) => (iv) Consider the diagram 

H d {Fl,V f {S u S 2 ,L K>R )) > Hom R (H d {Fl,C°{S 1 ,S 2 ,R)),L KiR ) 

H d (F+,T>f(Si, S 2 , C)) > RomR(H d (F;,C° c (Si,S 2 ,R)),C)) 
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where the horizontal maps are induced by the cap-product and the vertical 
maps by the inclusion L KjR ^ C. By the universal coefficient theorem 
the lower horizontal map is an isomorphism and the kernel and cokernel of 
the upper horizontal map are i?-torsion. Hence some multiple a • re with 
a G R, a ^ is contained in the image of the left vertical map. Define 

(iv) => (i) We may assume that M = R n (for example replace M by f(M) 
and / by the inclusion and then enlarge M if necessary). Let fii, ... , £l n G 
C n be the images of the standard basis under /. It follows 

n 

k elm(f*) = Y,n i -Im(H d (F;,V f (S 1 ,S 2 ,R)) ^ H d (Fl,V f (S 1 ,S 2 ,C))). 
z=i 

□ 

Corollary 3.18. Assume re G H d (F+, P/(Si, S 2 , C)) is integral and let R C 
6e as in Definition 3.16. Then, 

(a) ji K is a p-adic measure. 

(b) The map H d (F*,V f (S 1 ,S 2 ,L K<R ))®Q^ H d {F*, V f (S u S 2 , C)) ^s m- 
jective and re lies in its image. 

Proof, (a) The image of C (Q p ,O) — > C, / >->■ J / d/i K is contained in 
L k q. The assertion follows from Proposition 3.17. 

(b) follows from the proof of (iii) =4> (iv) above. □ 

Let re, R be as above. By abuse of notation we define the p-adic L- 
function of re by L p (s,n): = Jg (7) s fi K (dj). Because of (b) we can view re 

as an element of H d (F+,T>f(Si, S 2 , L KjR )) ® R Q. Put V K = L K)R ® R C p and 
let re denote the image of re under the homomorphism 

(56) H d (F*,V f (S u S 2 , L KyR )) ® R C p — ► H d {F* + , 2?} (Si, S 2 , V K )) 

induced by the obvious map T>f(S\, S 2 , L K>R ) — > T>f(Si,S 2 ,L K>R ) ® R C p — > 
V b f(Si,S 2 , V K ). It is easy to see that the re does not depend on the choice of 
R. Since L p (s, re) = L p (s,k) we can apply Theorem 3.12. 

Corollary 3.19. Assume re G H d (F* , 2?/ (Si, S 2 , C)) is integral. For p G Si 
ptii ^ : = log p o N Fp/(Qp . T/ien, 

(a,) ord s=0 L p (s, re) > r. 

f j4 r) (0,re) = (-1)© r! (re+U %i U...Uc v )n??. 

3.5. Another construction of distributions on Let A(G m ) be the 
space of smooth C- valued functions on I/F* which are rapidly decreasing as 
\x\ — >■ oo or |x| — > (i.e. for / G »4(G m ) and iV > there exists a constant 
C > such that |/(x)| < \x\- N for \x\ > C and |/(x)| < \x\ N for |x| < C" 1 ). 
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Let Si, S2 be disjoint subsets of S p with Si U S2 = S p . We consider maps 
<t> : C°(Si, S 2 ,Z) x Fqo -> C with the following properties 

(i) For Xoo G Foo the map 4>{- ^x^) : C°(Si,S 2 ,Z) -> C, / ^ <?!>(/, x^) 
lies in P/(Si,S 2 ,C). 

(ii) For all / G C°(Si,S 2 ,Z) the function 

I°° X Foo -> C, X = (x°°, Xoo) M- Xoo) 

lies in A(G m ). In particular we have </>(£/> £^00) = ^(/^oo) for all 
£ G F*. 

We denote the space of all <p satisfying (i),(h) by V(G m , Si). Note that the 
map 

C c °(F Sl xF4,Z)xC7 c °(F' oo r oo ,Z)^C c °(Si,S 2 ,Z), (f,g)^f®g 

induces an isomorphism C°{F Sl x F| 2 ,Z) x C C °(F' 00 / P ' 00 , Z) C°(Si, S 2 ,Z) 
and that any element of (^(P' 00 /*' 00 , Z) can be written as a finite sum of 
the characteristic functions of elements of P' 00 /^ 00 . Hence we can (and will) 
view an element <f> G V(G m , Si) also as a map 

(57) 4> : C° c (F Sl x F| 2 ,Z) x V/U p >°° -> C, (/,x*>) ^ <K/,^). 
For / € C°(Fs 1 x F^ 2 ,Z) we denote by 0/ € »4(<G m ) the map 

I = F p x F C, 0/(x p , x p ) : = <Kx p /, x p ) 

In particular for a compact open subset J7 of Fs 1 xF| 2 we define <fiu G A(G m ) 
as 4>u = 4>i v . 

Given € £>(G m ,Si), / G C°(I/F*,C) and s G C we define the integral 
fi/F* f ( x )\x\ s (f)(dx°° , x 00 )d x x 00 as follows. By Lemma 3.20 below, there 
exists an open subgroup U of U p such that f(x p u,x p ) = f(x p ,x p ) for all 
(x p , x p ) G F* x P and u G U. We set 

(58) / /(x)lx| s 0(dx°°,xoo)d x xoo = [C/ P :C/] / f(x)\x\ s <t )u {x)d x x. 

Jl/F* Jl/F* 

It is easy to see that the integral does not depend on the choice of U. 
Moreover since 4>jj is rapidly decreasing it is holomorphic in s. Hence there 
exists a unique distribution p, = p^ on Q p such that 



Sg, 



/( 7 W(d7)= / f(p(xmdx p ,x p )d x x f 

l/F* 



for all / G C°(Q P , C) (here p : l/F* ^ Q p denotes the reciprocity map). 

Lemma 3.20. Let X be a set and f : l/F* — >■ X be a locally constant map. 
Then there exists an open subgroup U of I, such that f factors through 
I/F*U. 

Proof Since Uqq = Y\ v& s ^+ ^ s connected, / factors as I/F* — )■ I/F*Uoo 

— > X and since I/F* [Too is profinite, / factors through a finite quotient of 
If/F'Uoo. □ 
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We will construct now a cohomology class k = k$ G H d (F+,T>f(Si, S 2 , C)) 
such that ^ = Put = S^ - {oo } = {001, . . . ,oo d } and = 
Ylw<=s° We wrrte elements of Foo = x Fs as pairs (x ,x°). For 
<fi G £>(G m , Si) we denote the function 

/>oo 

C C (5!,5 2 ,Z) x F So — ► C, -> / 0(/,xo,x°)d x x o 

JO 

by Jq 00 d x XQ. It is easy to see that we have (J °° <p d x xo)(^f,^x°) = 
(Jq 00 <p d x Xo)(f,x°) for all £ € FjJ\ Therefore we obtain a homomorphism 

/»oo 

(59) V(G m ,S 1 )^H (F^V f (S 1 ,S 2 ,C oo (U^ o ))), <j>d x x . 

Jo 

Here C 00 ^^) denotes the ring of smooth C-valued functions on (the 
homeomorphism A : — > R^ 00 = R d , (x„) 1— > (log(x„)) provides C/^, with 
the structure of a real manifold) . Note that C/^ carries the canonical (i-form 
d x x\ . . . d x Xd = Tings" d x x v so we obtain a map 

(60) C°°(0 -^n\U^,C), f^f(x ll ...,x d )d x x 1 ...d x x d 
Define 

(61) V(G m ,Si) -+H d (F*,V f (S 1 ,S 2 ,C)), <t>^H 

as follows. PutCV = V f (S 1 ,S 2 ,n'(U^ ,C)). Since « the complex 
C* is a resolution of Vf(Si,S 2 ,C) and we have C % = if z > d. The map 
(61) is the composite of (59) with the map 
(62) 

H (F*,V f (S 1 ,S 2 ,C°°(U% c )))^H (F*,C d )^H d (FZ,V f (S 1 ,S 2 ,C)) 

where the first arrow is induced by (60) while the second is an edge morphism 
of the spectral sequence 

E vq = H q {F* + ,C p ) => E p+q = H p+q (F*,C) = H p+q {Fl,V f (S 1 ,S 2 ,C))- 

Proposition 3.21. For <p € V(G m , Si) and k = € H d (F^, V f (Si, S 2 , C)) 
we have [x^ = 

Proof. Define a pairing 

( , } : T>(G m , Si) x C°(G P , C) — > C 
as the composite of the product of (59) and (29) with the map 

(63) HO^VfiSuS^C 00 ^))) x H (F*/E + ,H°(E + ,C)) 

A ff (i ? ;/£ + ,^(£+,C~(E&))) — »" H (Fl/E + ,C) = C 

(where C: = C®(Si, S 2 , Z)). Here the first map is induced by (50) and the 
second by 

(64) H°(E + ,C°°(U^))^C,f^f f(x 1 ,...,x d )d x x 1 ...d x x d . 

A simple computation shows that 

<0,/} = / f(l)H(dl). 
Jg p 
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for all / G C°(Q P , C). Thus, we need to show K r f,C\d{f) = (4>, /), i.e. we have 
to show that the diagram 

(65) H (Fl,V f (S 1 ,S2,C°°(U% o ))) x H (F*/E + ,H°(E + ,C)) 

(63) 

(62) xe 



H d {F* + ,V f {S u S 2 ,C))xH d {F* + ,C) 
commutes. For that consider the commutative diagram 

H ° (Fl , V f (Si , S 2 , C°° )) x Ho (FI/E+ , H° (E+ , Q) H (F*/E+ , H° (E+ , C» (t&))) 
H (F;,X' / (5i,52,C oo ({7^))) x H (F*/E+,H d (E+,C)) H {Fl/E+, H d (E+, C 00 ^))) 

J,3xid |4 

H°(F;,X> / (5 1 ,5 2 ,n d (f7^))) x H {Fi/E+,H d (E+,C)) — »- H (^/B+, n d ([/£))) 

| id ><5 |6 

H°(F;,X> / (5i,5 2 ,n d (C/S,))) x H d (F;,C)) > fl^F'.n^l/S,)) 

J 7xid I s 



H d (F*,X> / (S 1 ,5 2 ,C)) xIj(F;C) 



h (f;,c) = c 



Here the horizontal maps are cap-products induced by the pairings (50). 
The maps 3 and 4 are induced by the map (60), the maps 5 and 6 are edge 
morphisms in a Hochschild-Serre spectral sequence and 7 and 8 are edge 
morphisms of a E 1 - (resp. E±-) hyper(co-)homology spectral sequence for 
the resolution -> C -> ft (£/£,) ->• fi 1 (£/£,) ->• . . . 

The commutativity of (65) follows once we have shown that the com- 
position of the right column of vertical maps is induced by the map (64). 
However this can be easily deduced from the commutativity of the obvious 
diagram 

H°(E + ,C°°(U^)) ► H°(E + ,n d (U^)) ► H d (E +1 C) 



ri7j 



tlrj 



H d (E + ,C°°(U^)) 



-> H (E + ,C) 



H d (E + ,Q d (U^)) - 

and the fact that the trace map iJ^ R (M) — ^ C, [uj] i— > J* M w for a ti-dimen- 
sional oriented manifold M corresponds under the canonical isomorphism 
H^ R (M) = H d ing (M) to the map xH>xfl tjm where tjm denotes the funda- 
mental class of M. □ 



For cp G V{G m , Si) put O = <fo where U = Up eSl °P x rip G s 2 °p- 

Corollary 3.22. For p G Si let c p = c ordp G ii^F* , C°(F p , Z)) 6e toe 
cohomology class of the 1-cocyle (18) for I = ord p . T/ien we have 

/ 0o(x)d x x = (-l)G) (k+ Uc Pl U ... Uc Pr ) ntf. 
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Here the cup-product is induced by (52) and the cap-product by (51). 



Proof. We use the notation of Prop. 3.5. Note that T\ C p.oo^p.oo 
is a finite set and X = Uq x T\ so we have 1# = S^gj-xl^, (where 
J - : = {1} x Ji,# : = £/ x {1} C F p * x V>><*> /TP>°° = I 00 /^' 00 ). Be- 
cause of the commutativity of (65) and 3.5 it is enough to prove that the 
pair (Jq 00 <p d x xo, [lx]) is mapped to fy F * <f>o(x)d x x under the pairing (63). 
In fact by definition of (63) the pair is mapped to 



/ <p(l x ,x ,...,x d )d x x ...d x x d 

JU ac /E + 

/ <f>(xlx Q ,x , . . . ,x d ) d x x . . . d x x d 



E 



= / 4> (x)d x x = / 4> (x)d x x 

JR+xSxF JR+xExUpXT 

= / Mx)d x x 
Jl/F* 

where £ C is a fundamental domain for the action E + . □ 



4. p-ADIC L-FUNCTIONS OF HlLBERT MODULAR FORMS 

4.1. p-ordinary cuspidal automorphic representations. Let tt = ® v tt v 

be a unitary cuspidal automorphic representation of G(A). Thus tt is an 
irreducible direct summand of the right regular representation of G(A) in 
L^ isc (G(F)\G(A)). If the archimedian local representations tt v are discrete 
series then a p-adic L-function L p (s,ir) for tt can be defined. The first 
construction under certain restrictions on tt is due to Manin [Ma]; a con- 
struction in most generality (based on earlier work of Panchishkin [Pa]) is 
due to Dabrowski [Db]; see ([Db], sect. 12) for further references. 

In this section we shall give another definition of L p (s,tt) well-suited for 
the proof of the weak exceptional zero conjecture. We assume that tt has 
parallel weight (2, . . . , 2) and is p-ordinary. The first condition means that 
tt v = V(2) is the discrete series representation of G(R) of lowest weight 2 for 
all v G (Soo and the second that 7Tp is ordinary for all p £ S p in the sense of 
section 2.2. We shall attach an element 4> w € V(G m , S±) to tt, show that the 
corresponding cohomology class = is integral and define L p (s,tt) as 
the p-adic L-series associated to ^ (here Si denotes the set of p G S p with 

7T p = St). 

We introduce some notation. Firstly, we denote by %Lq(G, 2) the set of all 
unitary cuspidal automorphic representation tt of G(A) of parallel weight 
(2, . . . , 2). For each p G S p we fix an ordinary parameter a p G O* and put 
a v = a p + N(p)/a p . As before we let m = $(S P ) and r be the number of 
p G S p with a p = 1. We choose an ordering pi, . . . , p m of the places above 
p so that a Vl = . . . = a Pr = 1. We write Fj, cc, and a, instead of F Pi , a Pi 
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and a Vi and put a = (a±, . . . , a m ). Moreover we denote by 2lo(G, 2, a) the 
subset of 7r G 2lo(G, 2) such that -ir Pi = ir ai for i = 1, . . . , m. 

For 7r G 2lo(G, 2, a) and a finite set of places S of F we put its = ® v es 
and tt s = ® v ^s^v We also write 7Too, 7r P)00 , 7T 00 etc. for ir Soo , iTSpUS^ , n So ° 
etc. For each finite place q of F we denote by f (7r q ) the conductor of 7r q and 
we set f(vr): = f\ q f( 7r q)- Thus the multiplicity ord p (f(7r)) of p G S p in f(ir) 
is = 1 if a p = ±1 and = otherwise. 

4.2. Adelic Hilbert modular forms. In section 4.6 we shall define a cer- 
tain element (fr n G T>(G m , S±) for 7r G 2lo(G, 2). Firstly, we need to recall the 
notion of a Hilbert modular cusp form of parallel weight (2, . . . , 2) (in the 
adelic setting). It is a function <I> : G(A) — > C with the following properties 

(i) For 7 G G(F) we have ^(jg) = $(g). 

(ii) For any g G G(A), feoo € K+ we have $(fl*<x>) = j{kooA)~ 2 ®{g)- 

(iii) For any g G G(A°°), z G M d+1 define f*(z,g): = j(3co,i) 2 $(Sco, fl) 
where ^ G G(Foo) + is such that g^i = z (by (ii) f®(z,g) is well 
defined). Then z 1— >■ f$(z, is a holomorphic function on H rf+1 . 

(iv) There exists a compact open subgroup K of G(A°°) such that <fr(g£;) 
= $(g) for all A; G K and p G G(A). 

(v) (Cuspidality) For any g G G(A) we have 

0')*=°- 

We denote by Ao(G, hoi, 2) the space of all functions $ satisfying (i) - 
(v) above. It is a left G(A°°)-module via the right action on G(A). For a 
compact open subgroup K C G(A°°) we set S 2 (G,K) = Ao(G,hci,2) K ■ If 
-K" = ifo(n) for an ideal n of Of, we write S^G, n) instead of 6*2(G, Ko(n)). 

Let <E> G -4o(G, hoi, 2) and let f$ be as in (iii) above. We define 
(66) / U(zo,z 1 ,...,z d ,g)dz 

by integrating the function zq \-> f^(zo, z±, . . . , z d , g) along the geodesic in 
H from cfq{Q) to cfq{P). Using the well-known fact that f$(z, g) for fixed 
g G G(A°°) rapidly decreases at the set of cusps F 1 (F) of M d+1 it is easy to 
see that (66) is well-defined and that 

rao(P) rao(R) ra (R) 

/ U(zo, ■ ■ -)dz + / f<s>(z , . . .)dzo = / h{zo, ■ ■ -)dz 
JMQ) J MP) JMQ) 

for all P,Q,R£ F 1 (F). 

Let Div(P 1 (F)) be the free abelian group over P 1 (i ? ) and let J\4 = 
Div (P 1 ( i? )) be the subgroup of elements Y!j=i m i p i G Div(P 1 (F)) with 
deg(Ej=i m i p i) = Ej=i m i = °- The natural G(F)-action on P X (F) in- 
duces a G(F)-action on M. For g G G(A°°) we obtain a homomorphism 

M — > O ho i(H d ), f$(zo,zi,...,z d ,g)dzo 

J <?a (m) 
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which coincides with (66) for m = P — Q. For m€Mwe define 

/ = / U(z ,zi,...,z d ,g)dz \dzi...dz d en^ ol (B d ). 

J m \ J ctq (m) / 

We let the group G{F)+ act on M d via the embedding G(F) + -> (G(M)+) d , 
7 i— >■ (01(7), . . . ,0^(7)). A simple computation using (i) shows 

(67) 7* ( I "$(19)) = I u*{9) 

for all 7 G G(F) + , g G G(A°°) and m G M. The integral f m u<s>(g) will be 
used in the construction of the Eichler-Shimura map (70) in section 4.5. 

Definition 4.1. (a) We denote by Ao(G, hoi, 2, a) the C-vector space of 
maps $ : G(A P ) C^(F p ,C) such that 

(i) There exists a compact open subgroup K of G{A P, °°) such that <&(gk) 
= $(g) for all k £ K and g G G(A P ). 

(ii) For ip G C„(F p , C) the map 

($, V) : G(A) = G(F P ) x G(A*>) -> C, ( 5p , <f ) -> ( 5p • V,<% p )} 
Zies in ,4o(G, hol,2). 

.4.0 (G, hoi, 2, a) is a Ze/t G(A p '°°)-module via the right action on G(A P '°°). 

(b) For a compact open subgroup K C G(A P '°°) we set S2(G, K,a) = 
A(G,hol,2,a) K . IfK = K (m) p where m is an ideal of Of which is rela- 
tively prime topC>F, we shall write ^(G, m, a) instead o/S^G, Ko(m) p ,a). 

Remarks 4.2. (a) Let ir G 2lo(G,2,a). It is easy to see that 

A(G,hol,2) - Hom G(Foc) (vroo , L 2 (G(F)\G(A)/Z(A))) , 

A(G,hol,2,a) = Hom G(FpXFoo) (7r Pi00 , L§(G(F)\G(A)/Z(A))) 

as representations of G(A°°) and G(A P '°°) respectively. 

(b) Assume that F has narrow class number 1. Let n be a non-zero ideal 
of Of and let Fo(n) be the subgroup of matrices A G SL2(C) which are 
upper triangular modulo n. Then ^(G, n) can be identified with the space 
5 , 2(ro(n)) of usual Hilbert modular cusp forms of parallel weight (2, ... ,2) 
on ro(n). Moreover if the ideal m of Of is relatively prime to pOf and if n 
is the product of m with all p £ 5 P with a p = ±1 then 52(G,m,a) can be 
identified with the subspace of / G ^(^(n)) which satisfy (i) T p f = a p f 
for all p G S p with a p 7^ ±1, (ii) / is p-new and U p f = a p f for all p G S p 
with a p = ±1. Here, if p \ n (resp. p | n) T p (resp. U p ) denotes the Hecke 
operator at p. 

4.3. Hecke Algebra. We recall here a few facts about the Hecke algebra 
of G{A S ) (a reference for what follows is e.g. ([Bu], 3.4 and 4.2) or ([BH], 
1.2-4)). Fix a finite set of places S of F containing S^. Let dg denote 
the Haar measure on G(A 5 ) normalized such that J K dg = 1 for K = 
Ylv^s G(O v ). For a field of characteristic zero we denote by Hq = %g(a s ) 
the Hecke algebra of G(A S ) with coefficients in fi, i.e. it is the convolution 
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ring of locally constant compactly supported fi-valued functions on G(A ) 
(see [Bu], p. 309). If K C G(A S ) is any compact open subgroup then 
we let T-Lxn be the subspace of K-biinvariant functions in Ti^. Let q € 
Pf — S and assume K = K' x G(Oq) for some compact open subgroup 
K' of G(A S ') where S' = S U {q}. Then is isomorphic to the tensor 

product of H^i n and the Hecke algebra Un(G(F q ), G(O q )). For the latter 
we have Hn(G(F q ), G(O q )) ^ n[T„] (see [Bu], 4.6.5) so in this case U s Kn = 

Recall that the concepts "smooth %Q-module" and "smooth ^-repre- 
sentation of G(A S )" are interchangeable. In the following we view a smooth 
%^-module often as a smooth G(A 5 )-module and vice versa. A sequence of 
smooth %^-modules Vi — >■ V2 — > V3 is exact if and only if — > — >■ 
is exact for all compact open subgroups K of G{A S ). We call a smooth 
representation V of G(A S ) semisimple if it is isomorphic to a direct sum of 
smooth irreducible representations of G(A S ). A smooth representation V of 
G(A S ) is irreducible if and only if V K is either zero or a simple T-L^ ^-module 
for all K. More generally it is easy to see that a smooth representation V 
of G(A S ) is semisimple if and only if V K is a semisimple H'^ ^-module for 
all K. 

Let V and W be smooth %^-modules and assume that V is irreducible 
and W is semisimple. Let Kq be a compact open subgroup of G(A S ) such 
that V K « ^ 0. Then the canonical map Hom G(AS) (V, W) -> Hom^s (V K °, 

W K °) is an isomorphism. For that it is enough to assume that W is irre- 
ducible in which case the assertion follows from ([BH], Prop, on p. 38). 

For 7r G 2lo(G,2) with the complex representation ir s of G(A S ) is an 
example of a smooth irreducible representation. It is also known that 
ir s can be defined over a finite extension of Q. More precisely there ex- 
ists a smallest finite extension f2 = £l n C Q of Q (the field of defini- 
tion of 7r) and a smooth irreducible il-representation G(A S ) — > GL(V) 
such that tt s = V <S>n C as G(A s )-representations. By abuse of nota- 
tion we also write tt s (resp. ir s,K ) for the 7^^-module V (resp. for the 
%|^-module V K ). For a field C containing a compact open subgroup 
K of G(A S ) and a smooth semisimple C-representation W of G(A S ) we 
write W n for Hom G(A s)(7r s ', W) = Hom G ( A s)(F <3n C,W) and Wj^ for 
Horn^s (V K ,W K ). Also if / : W -»■ is a homomorphism of smooth 

semisimple G( A 5 ^representations we denote the induced homomorphism 
-»■ W w of C-vector spaces by / w . We have = VF^ if K C K (f(7r)) 5 
and Wjf- = otherwise. If if = Ko(f(7r)) 5 , then 7r 5,A: is onedimensional as a 
O^-vector space [Cas] . Thus the action of is given by a homomorphism 
Ayr : — > (it is known that A 7r (T„) lies in the ring of integers of 
In this case we have W n = {w € | = A^t)^ Mt £% S K }. We also 
remark that if W — > W — > W" is an exact sequence of smooth semisimple 
representations of G(A S ) then — > W w — > W" is exact as well. 
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Finally, a representation W of G(A S ) will be said to be of automor- 
phic type if W is smooth and semisimple and the only irreducible sub- 
representations of W are either the onedimensional representations or the 
representations tt s for ir G 2lo(G, 2). By strong multiplicity one, if W 
is of automorphic type then W n is independent of the set S in the fol- 
lowing sense. Let S' D S and K = Yl veS ,_ s ^(f( 7r ))f Then we have 
Hom G( - A 5/- ) (7r s ", W K ) = Hom G ( A s)(7r 5 , VF) (this fact will be used in the 
proof of Prop. 4.8 below). 

4.4. Cohomology of GL2(-F). In this section we introduce and study the 
cohomology groups of certain G(F) + -modules Aj(a, M,C) on which the 
group G(A P '°°) acts smoothly and so that each it G 2lo(G,2, a) occurs with 
multiplicity 2 d+l in H d (G(F)+, A f {a, M, C)) (see Prop. 4.8 below). 

Let H C G{F) be any subgroup and let M be a left G(i ? )-module. Let i? 
is a ring and N an i?[ii]-module. For a finite subset 5 of P|? we denote by 
A f (S, M; N) the iZ-module of maps $ : G(A S >°°) x M —?■ N such that there 
exists a compact open subgroup K of G(A S '°°) with &(gk, m) = <&(g, m) for 
all fc G if, 5 G G(A 5 '°°) and m G M. 

We have commuting G(A 5 '°°)- and ii-actions on Af(S,M;N); the first 
is induced by right multiplication on G(A S '°°) and the second is given 
by (7 • <£)(<?, m) = 7$(7~ 1 5, 7 _1 m). For a compact open subgroup K C 
G(A S >°°) we set Af(K, S, M; N) = A f (S,M;N) K . If K = K (m) s for 
an ideal m of Of not divisible by any q G S we write »4j(m, S, M; N) for 
^/(i^oM 5 , S 1 , M; iV). If S = we will often drop S from the notation, i.e. 
we write A f (M;N), A f (K,M;N) etc. for A f (S,M;N), A f (K,S,M;N) 
etc. 

In contrast to our previous notation in this section we denote by Si, 
S 2 subsets of S p with Si C S 2 Q S p . We define the G(A S2 >°°)-H -module 
A f (a Sl ,S 2 ,M;N) by 

A f (a Sl ,S 2 ,M;N) = A f (S 2 ,M; C^(F Sl , N)) 

Also for a compact open subgroup if C G(A S2,oc ) we put *4/(if, a Sl , S 2 , M; 
N) = A f (a Sl ,S 2 ,M;N) K and if K = K (m) S2 for an ideal m of O f not 
divisible by any p G S 2 we set -4/(m, a Sl , S2, M; N) for ylj(isro(nt) p , a Sl , S2, 
M;N). US = S\ = S 2 (resp. Si = S 2 = S p ) (we deal mostly with the latter 
case) we shall drop S 2 (resp. Si and S2) again from the notation, i.e. we put 

Af(0Ls,M;N) = A f (a s ,S,M;N) = Af(S, M; C-(Fs, N)), 
A f (a,M;N) = A f (a Sp ,S p ,M;N) = A f (S p ,M;C^F p ,N)). 

So Af(a, M; N) can be identified with the i?-module of maps <3? : G(A P ' 00 ) x 
M x C®(F p , R) — > N which are invariant under some compact open subgroup 
of G(A P '°°). 

The pairing (20) induces a pairing 

( , ) :A f (a Sl ,S 2 ,M;N) x(%(F Sl ,R) A f (S 2 , M; N) 
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hence a homomorphism Af(a Sl , S 2 , M; N) — > C—(Fs 1 , Af(S 2 ,M; N)) which 
becomes an isomorphism when restricting it to if-invariant elements 

Af(K,a Sl ,S 2 ,M;N) C^(F Sl ,A f (K,S 2 ,M;N)) 

(for any compact open subgroup K C G(A S ' 2, °°)). Similarly, for any p 6 Si 
and Sq : = S± — {p} we have an isomorphism 

(68) A f (K,a Sl ,S 2 ,M;N)^C a »(F p ,A f (K,a So ,S 2 ,M;N)) 

Remark 4.3. Assume that M is free as an abelian group. For a compact 
open subgroup K C G(A S ' 2 ' 00 ) we have 

A f (K,a Sl ,S 2 ,M;R) ^ Coind^ 2 '^ Hom z (M, C%F Sl , i?)) 

Coindf AS2,00) Hom R (M ® z C7°(F 5l ,R),R) 

Since C^Fgj , i?) is a free i?-module we see that the R- module Af(K, a Sl , S 2 , 
M;R) is isomorphic to a product of copies of R. 

Assume now that R = C p , let O = Cp so that L = Af(K,a So ,S 2 , M; O) 
is a complete lattice in V = A/(K,a s , S 2 , M; O) <8>e> C p (see section 1). Let 
p € Si such that a p = 1 and put Sq = Si — {p}. By (68) the vector space 
Af(K, a Sl , S 2 , M; O) ®o C p can be identified with Dist b (F p , V) and so the 
evaluation map (6) extends to a pairing Dist b (F p ,y) x Co{F p ,C p ) — ► V, 
i.e. we have a canonical bilinear map 

A f (K,a Sl ,S 2 ,M;0) ®o C p X Ci(F p , C p ) -> ,4/(K, a So , S 2 , M; 0) ® Cp. 

It will be used for the construction of the /^-invariants C p (tt) in the next 
chapter. 

The next result follows immediately from Lemma 2.6. 

Lemma 4.4. Let S C Sp, Zei p € 5 and let S : = S-{p}. Let K C G(A S >°°) 
6e a compact open subgroup and put Kq = K x G(O p ), K\ = K x K (p)p- 

(oj //a p 7^ ±1 i/ien i/ie following sequence is exact 

^ A f (K,a s M;N) ^ A f (K ,a So M;N) ( ^^ A f (K ,a So ,M;N) ^0 
(b) If a p = ±1 then there exists a short exact sequence 

- Af(K, a s ,M; N) - Af(Ki,a So ,M; N) w =^ - A f (K ,a So ,M; N) - 
where W = W p is a certain involution acting on Af(Ki,a So ,M;N). 

Remark 4.5. The involution in part (b) above induces an involution - also 
denoted by W p - on the cohomology groups H'(G(F) + , Af{K\, a s , M; N)). 
In particular if n is an ideal of Op such that p devides n exactly once we have 
an involution W p acting on H d+1 (G(F) + , Af(n, R)). This is the analogue of 
the Atkin-Lehner involution. As in the classical case we have W p = — U p on 
H d ^(G(Fy,A f (n,R)). 



ON SPECIAL ZEROS OF p-ADIC L-FUNCTIONS OF HILBERT MODULAR FORMS 43 

Proposition 4.6. Let Si C S 2 Q S p and let K be a compact open subgroup 
o/G(A 52 '°°). 

(a) Let N be a flat R-module (equipped with the trivial G(F)-action). Then 
the canonical map 

H q (G(F) + ,A f (K,a Sl ,S 2 ,M;R))® R N -> H q (G(F) + A f (K,a Sl ,S 2 ,M;N)) 
is an isomorphism for all q > 0. 

(b) Lf R is noetherian then H q (G(F) + , Af(K, a s , S 2 , M; R)) is a finitely 
generated R-module. 

Proof, (a) The sequence -> M -> Div(P 1 (F)) ^ Ind^jjj Z -»• Z -»• 
yields a short exact sequence 

(69) ^ A f (K,a Sl ,S 2 ;N) ^ Coindf { F J ) + + Af(K,a Sl ,S 2 -N) 

^A f (K,a Sl ,S 2 ,M;N)^0 

(where Af(K, a Sl , S 2 ; N) : = Af(K,a Sl ,S 2 ,7 l ;N)). By considering the as- 
sociated long exact cohomology sequences it is enough to prove the assertion 
when we replace the coefficients Af(K,a Sl ,S 2 ,M; •) with Af(K,a Sl ,S 2 ; •) 

or Coind B ^ + Af(K,a Sl , S 2 ; •) (here we use the flatness assumption). Fur- 
thermore using Lemma 4.4 it is enough to consider the case Si = 0, S = S 2 - 
Since A f (K, S, Z; N) Coind^ 6 '^ iV it suffices to show that 

H q (G(F)+, Coindf AS,00) R)® r N^ H q (G(F)+, Coind^ 5 '^ AT) 
H q (B(F) + , CoindJ (AS,00) R)® R N^ H\B(F) + , Coind^'^ AT) 

are isomorphism for all g > and all i?-modules iV. For that it is enough 
to prove that the functors N ^ H q (G(F) + , Coind^^'^ N) and A^ ^ 

H q (B{F) + , Coind^- A") commute with direct limits (since any module 

is the direct limit of free modules of finite rank). For g G G(A S '°°) put 
T g = G(F) + HgKg^ 1 . By the strong approximation theorem there are only 
finitely many double cosets G{F)+gK in G(A 5 '°°). If 9l , . . . ,g n e G(A S '°°) 
is a system of representatives then 

n 

i^(G(F)+,Coind£ (ASiOO) A0 = @H q (T gi ,N). 

i=l 

Since the group T g is S'-arithmetic, hence of type (VFL), the functor A' 1— > 
H q (T g ,N) commutes with direct limits (see [Se], p. 101). The same proof 

works for H q (B(Fy, Coind^ ' N) as well. Indeed using the Iwasawa 
decomposition G(A S '°°) = B(A S ' 00 )Y[ v ^ 00 G(O v ) one can easily see that 
S(F) + \G(A 5 ' 00 )/A: is finite. 

(b) can be deduced using similar arguments and the fact that the groups T g 
are S'-arithmetic and ([Se], remarque on p. 101). □ 
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Let Si C S 2 C 5 P be as before, let fi be a ring and let M be a left 
G(F)-module. We define 

F^G(F)+,^ / (a 5i ,5 2 ,M;i?)) = lhn^(G(F)+,^ / (K,a 5l ,5 2 ,M;i?)) 

where A runs through all compact open subgroups of G(A S2,oc ). By 4.6 we 
have 

Corollary 4.7. Lei 5 C S p and let R — > R' be a flat ring homomorphism. 
Then the canonical map 

H q (G(F) + ,A f (a s , M; R)) ® R R' — > H*(G(F) + , A f (a s , M; R')) 

is an isomorphism for all q > 0. 

If i? = C is a field of characteristic zero then H q (G(F) + , Af(a Sl , S2, M; 
C)) is a smooth G(A 52 '°°)-module and it is easy to see that we have 

H q (G(F) + ,A f (a Sl ,S 2 ,M;C)) K = H q (G(F) + ,A f (K,a Sl ,S 2 ,M;C)). 

We identify G(F)/G(F) + with the group £ = {il}^ 1 via the isomophism 

G(F)/G(F) + ^ F*/F; = £ (compare Remark 3.13). Hence E acts 
on Hl(G(F)+, A f (a Sl , S 2 , M; C)) and H q (G(F) + ,Af(K, a Sl ,S 2 , M; C)) by 
conjugation. 

Proposition 4.8. Lei 5 C 5 P and let C be a field containing the field of 
definition of ir G 2lo(G, 2, a). 

(a,) T/ie G(A s ^ OD ) -representation Hl(G(F) + ,Af(a s ,M;C)) is of automor- 
phic type for all q G Z. 

(b) Let fi £ and g G {0,l,...,d}. T/ien 



ff«(G(F)+M/(as,^;C)) W)M 



C if q = d; 
ifq<d-l. 



Proof. Firstly, we assume 5 = 0. Consider the long exact sequence 

... — ^fl?(G(F)+,^(C)) — > fl?(B(F)+M/(C)) — ► 

— >• tf* 9 (G(F)+, .4,(^1; O) — > ff* +1 (G(F)+M/(C)) . . . 

associated to (69) (the second group is defined similarly as the direct limit 
of the groups H q (B(F) + , Af(K, C))). The action of G(A°°) on fl?(G(F) + , 
.A/(C)) and Hl{B(F)+,A f {C)) has been determined in [Ha]. As a G(A°°)- 
module -ff* (G(F) + , Af(C)) is a direct sum of onedimensional representa- 
tions except for q = d + 1 in which case there exists a G(A°°)-stable decom- 
position 

Ht +1 (G(F)+,A f (C)) = flSJeflS'eflfi 1 - 

Again, the action of G(A°°) on the second and third summand is direct sum 
of onedimensional representations. On the first factor it is of automorphic 
type and we have ([Ha], 3.6.2.2) 

<tp(G(iO^/(C)W = C. 

Using 4.4, (a) can now be easily deduced from the case 5 = 0. For (b) 
we may pass to the Ao(m) 5 -invariant part H q (G(F) + , Af(m, a s , M; C))^ 
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where m denotes the maximal prime-toS divisor of f (7r) . By keeping in 
mind that the Hecke operator T p (resp. Up = —W p ) acts by multiplication 
with a p (resp. ±1) on H d (G(F)+ ,Af(a s ,,M;C)) n for p G S with a p / ±1 
(resp. q p = ±1) and S' Q S — {p}, (b) can also be deduced from the case 
S 1 = using Lemma 4.4. □ 



4.5. Eichler-Shimura map. For the rest of this chapter we change the 
notation slightly again and denote by Si = {pi, . . . ,p r } the subset of p <G S p 
such that a p = 1 (i.e. tt p = St) and put S2 = S p — Si (thus with our previous 
notation we have Si = {pi, . . . ,p r } and S2 = {pr+i, ■ ■ ■ ,Pm})- 

Let K C G(A P '°°) be a compact open subgroup. Our aim is to define a 
■%^°°-equivariant homomorphism (Eichler-Shimura map) 

(70) S 2 (G,K,a)->H d (G(F) + ,A f (K,a,M;C)), $ « s . 

Its definition is similar to (61) (the role of the manifold Uoo with its natural 
Fraction is replaced by M d+1 with G(F) + acting on it). Firstly, define 

(71) Jo : S 2 (G,K,a) — > H°(G(F)+, A f (K, a, M; n d ol (M d ))) 
by 

(I ($),ip}(g,m) = u}^)(l,g) 

J m 

for ip G C a (F p , C), (7 € G(A P '°°) and m € .M (here (1, y) denotes the element 
(lG(F p ),#)~e G(F P ) x G(A^°°) = G(A°°)). That the image of I is G(F)+- 
invariant follows from (67) by a tedious but straightforward computation. 
Note that the complex C* : = Af(K,a,M; O* ol (M d )) is a resolution of 
Af(K,a,M;C) and we have C q = for q > d. We define (70) to be the 
composite of (71) with the edge morphism 

H°(G(F) + ,C d ) — > H d {G{F) + ,C) H d (G(F) + ,A f (K,a,M;C)) 

of the spectral sequence E pq = H q (G(F)+ ,CP)=> = HP +q (G(F)+ ,G*). 

Next we define two maps 

(72) A^:S 2 (G,m,a) — > 2>(G m ,Si) 

(73) A^:^(ro,a So ,S^;JV) — > P/(5 n Si, S n S 2 , N) 

(for 5o any subset of S p ) which are global analogues of the map 6- defined 
in section 2.4. The first is given by 



\J J y ' \ \0 \ t 
for / G C°(S 1 ,S 2 , Z) and x p G F and the second by 

A^(d>)(/,^°°) = S^Utt^ jVoc-o)V/) 

= <(*(( X o°° J) ,00-0)) ,5a/) 

for / G G°(F 5onSl x F* onS2 ,Z) and x^' 00 G P>°° (as usual 00, denote the 
points [1 : 0] and [0 : 1] of ¥ 1 (F) so 00 - G M). 
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One checks easily that (73) is T(F)-equivariant (we let T(F) act on 
T>f(So PI Si, Sq fl S2,N) via the identification T = G m ). Hence the maps 
T{F)+ -> F*, : A f (a So ,M;N) -> P/^o n 5i,5 n 5 2 ,AT) induce a 
S-equivariant homomorphism 
(74) 

H q (G(F) + ,Af(m,a Sl , S P ,M; N)) — > H q (F+,Vf(S n Si, Sod S 2 , N)). 

The proof of the following lemma is straightforward and will be left to the 
reader. 



Lemma 4.9. The following diagram commutes 

S 2 (G,m,a) -^U H d (G(F)+,A f (m,a,M;C)) 

(74) 



4.6. p-adic measures attached to Hilbert modular forms. Let it G 

2lo(G,2,a). As in section 2.5 let fi ai denote the distribution Xa i {x)i^p i (x)dx 
on Fi (resp. F*) if i < r (resp. i > r) and let ^ = /it Q1 x . . . x fi am be the 
product distribution on Fg 1 x i 7 ^. 

For v G let W v denote the Whittaker model of ir v and let W = W(tt) 
be the global Whittaker model. We can choose W v G W v such that the local 
zeta function 



C(s,w v , Xv ) = w v {^ fj xv 



(x) \x\ s zd x x 



is equal to the local L-factor L(s, ft v ®Xv) for any unramified quasicharacter 
Xv '■ F* —> C* and Re(s) 3> 0. In fact if v is finite we can (and will) take W v 
to be Ko(f(7r^))u-invariant. It is then uniquely determined ([Cas], Theorem 
1). If ir v is spherical (i.e. ord 1) (f(7r)) = 0), then W v = W V: o is the unique 
G(O l) )-invariant element of W v with W v o(g) = 1 for all g G G(O v ). Put 
W p (9) = Ilvb W v(9v) for g = (g v ) G G(AP). 

We define <j> = ^ : C c °(F 5l x F| 2 , Z) x P/f7 p '°° ^ C in V(G rn , Si) by 

That 0^ is well-defined follows from 2.8 (b). In fact for / G C°(F 5l x F* 2 , Z) 
there exists an element Wf of the Whittaker model W p of ir p = ^v^Sp^v 
such that 

where = VF/(c/p)VF p (c/ p ) for g = (g p ,g p ) G G(A). It follows ^ G 

X>(G m ,Si). 

Let : = p^ be the corresponding distribution on Q p and : = G 
H d (F*,Vf(Si,S2,C)). We have 
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Proposition 4.10. (a) (Interpolation property) Let \ '■ Qp — > C* be a char- 
acter of finite order with conductor f (x) . Then 

Jg p pes p 

where 

(l-apx(ro)- 1 ) i/ord p (f(x)) = 0,a p = ±1; 



e(«p,Xp) = < 



(! - ^X 1 - ^fcj) ^/ordp(f(x))=0,« p /±l; 
«p~° rdp(f{x)) i/ordp(f(x))>0. 



(7>j Xei J7 = Flpesi °p x FlpeSa °P and P ut ^ ' = OMtfo- Then, 
\ <f> (x)d x x = TT e(a p , 1) ■ L{\, 7r) 



PG5 2 



(c,) K,r is integral (compare Def. 3.16). For fi £ T, let denote the pro- 
jection of k w onto H d (F+, Vf(Si, S2, C)) M . Then is integral of rank 
< 1. 

Proof, (a) We view x as a character of I/F* and choose an open subgroup 
U of Up which lies in the kernel of Xp = x\f* • Let Wjj : = W\ v € W p be as 
above and W(g): = Wu(g p )W p (g p ) £ W. It suffices to show 

[U p :U]f X (x)\x\ s <t>u(x)d x x 

Jl/F* 

= N(f(x)) s r(x) J] e («P'Xpl • |p) • L( S + ln® X ) 
peSp 

for all s € C with Re(s) > —1. Since both sides are holomorphic functions 
it is enough to prove this for Re(s) S> 0. Using 2.8 (c) and 2.7 we obtain 

[Up:U]$ VF *x{x)\x\ s Mx)d x x=[Up:U\! lX {x)\x\ s w(l fj d x x 

= [U p :U]j F ,x P {x)\x\ s Wu{^ ^d-xj lpX ny)\y\ s Wv(^ fjd-y 
= UpeS p If; Xp(x)\x\ s p n ap (dx) ■ L Sp {s + ±, vr ® x) 
= N(f(x)) s r(x) n pe 5 p e(« P ,Xpl • |p s ) • L( S + i,vr®x). 
(b) Again it suffices to show that 

/ |x| s o (^)d x a: = TT e(a p ,| • |f) • L(s + ±,tt) 
J V F * pes, 

for Re(s) ^> 0. A similar computation as above yields 
!i/ F * \x\ s 4>o(x)d x x = 
UpgsJf; \x\ s p m(xO p )d x x ■ IIpgsJf; \x\ p Va p (xO*)d x x ■ L Sp (s + ±,tt). 
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For p G Si we have m{xO p ) = f Ff l x o p {y)ipp(y)dy = \x\ p l 0p (x) hence 

/ \x\ s fii(xO p )d x x = / \x\ s p +1 l 0p {x)d x x 
Jf; ' Jf; 

= (l-N(p)-^ 1 ))- 1 = L( S +i,vr p ). 
On the other hand by Prop. 2.7 we get for p G S2 



L 



x\ s v fx ap (xO*)d x x = / \x\* fi ap {dx) = e{a p ,\ ■ \ p ) ■ L(s + |,7r a ). 



The assertion follows. 



(c) Let A„ G C-(F p ,Q) be the image of ®^ 1 \ ai under (21) and define 
G A(G,hol,2,a) by 

for # p G G(A p ) and ^ G Ca(F p ,C). To see that satisfies property (ii) 
of Def. 4.1, let V G C a (.Fp,C) and define G W(vr) by W^(g p ,gP): = 
(g p iP,\a)WP(g p ). Then 

(iP,^)(g) = £ J) 5) e A(G,hol,2). 

Let m be the maximal prime-to-p divisor of f(vr). Because W p is -K"o( m )- 
invariant we have $ n G ^(G, m,a). Since A— ($7,-) = ^ by 2.8 (a), we can 
apply Lemma 4.9 to conclude that n n lies in the image of (74). That k w 
is integral now follows from the fact that R >-> H d (G(F) + ,Af(m,a, M; R)) 
commutes with flat base change (Prop. 4.6). The second assertion is a 
consequence of 4.6 and 4.8. □ 



Let 7r G 2lo(G,2,a). By 3.18 and 3.21 the distribution fi n is a p-adic 
measure. We define the p-adic L-function of ir by 

L p (s, 7r) : = L p (s, K n ) = L p {sk^ )+ ) = J (7)* fi^dj) for s G Z p . 

JQ P 

It is a locally analytic function with values in the one-dimensional vector 
space L Kii ®-q C p (compare Remark 3.13). 



5. Exceptional zero conjecture 

5.1. Automorphic /^-invariants. We keep the notation and assumptions 
from the end of last section. In this section we define for each p G Si a 
certain number C p (tt) G C p , the C-invariant of it at p. It has the important 
property that it does not change under suitable quadratic twists (see Lemma 
5.5 below). 
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Let O denote the valuation ring of C p . Fix p € Si and put So = S p — {p}. 
Recall that by Remark 4.3) there exists a canonical pairing 

(75) Af(K,a,M;0)® C p xCi{F p ,C p ) 

— >• A f (K, a So ,S p ,M;0)® C p CAf(K, a So ,S P ,M;C P ). 

It induces a cup-product pairing on G(F) + -cohomology. Together with 4.6 
this yields a pairing 

(76) U : HP(G(F) + ,A f (K,a,M;C p )) x H q (G(F) + , d(F p , C p )) 

^ H P+i(G(F) + ,A f (K,a So ,S p ,M;C p )) 

Hence by passing to the direct limit over all K we obtain a homomorphism 
of smooth G^A 23 ' 00 ^representations 

• Ub : H^G(F) + ,A f (a,M; Cp)) H^(G(F) + , A f (a So , S p , M; Cp)) 

for all & € if^G^+.CitFp.Cp)). 

Remarks 5.1. (a) Note that in (75) we cannot replace -A/(m, a, M; O) ®o 
C p by Af(m,a,M;C p ). Therefore the compatibility of R ^ H qi (G(F) + , 
Af(yn, a, A4;R)) with flat base change is crucial in the definition of (76). 

(b) Let m be an ideal of Of which is relatively prime to pOf- We have a 
commutative diagram 

A f (m,a,M;0) (g) C p x Ci(F p ,C p ) > A f (m,a So ,S p ,M;0)(g)oCp 

v b f (Si,s 2 ,c p )xC <> (F p ,Cp) ► v b f (s nsi,s ns 2 ,c p ) 

(the top horizontal arrow is the map (75)). Hence for b € H q (G(F) + , Ci(F p , 
C p )) the diagram 

HP(G(F)+A f (m,a,M;Cp)) HP+ q (G(F)+,A f (m,a So ,Sp,M;C P )) 



(74) 



(74) 



HP(F*,V b f (Si,S 2 ,C P )) HP+i(F*,V b f (S nSi,S nS 2 ,C p )) 

commutes as well. Here S* : H q (G{F),Ci{F p ,C p )) -> H q (F* ,C (F p ,C p )) is 
the canonical map induced by (compare 2.9 (b)) and the first vertical 
map is given by 

HP(G(F)+,Af(m,a,M;C p )) HP(G(F) + ,A f (m,a,M;0))® C p 
^ HP(F*,V f (Si,S 2 ,0)) ®oC p — > HP(Fl,V b (Si,S 2 ,C p )) 
The definition of the second vertical map is analogous. 

The extension classes (17) associated to the homomorphisms ordp : F* — > 
C p and £ p = log p oNp /q : F* — >■ C p define two cohomology classes 6 or( j,p, 

b iofS>p €H 1 (G(F)+,C 1 (F p ,Cp))- 

Lemma 5.2. (a) The G{A p '°°)-representation Hi{G{F) + , A f (a So , S p , M; 
C p )) is of automorphic type for all q £ Z. 
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(b) For /igS the map • U6 rdp induces an isomorphism 
(77) 

H*(G(F) + , A f (a, M; C p ))^ — > H d + l (G(F)+ ,A f (a So ,S P ,M; C p )) n ^ 
of onedimensional C p -vector spaces. 

Proof. Let K be a compact open subgroup of G{PJ' ,co ) and put Kq = 
K x G(O p ) C G(A S °>°°). We define the ^J U5o ° -module Q K by 

O^Qx^^/^o^^o^^^^^^/^o^^^^^^O. 

By considering the corresponding long exact cohomology sequence we obtain 
that H'(G(F) + ,Q K ) is of automorphic type and H*(G(F)+ , Q K ) n = 0. 
For the latter note that H*(G(F)+, A f (K , a So , M; C p )) n = since K £ 
Ko(f(^)) S ° uSac ■ According to Lemma 2.6 there exists an exact sequence 

— A f (K,a So ,S p , M; C p ) — Q K A/(K, a,M; C p ) ->- 

It follows from 2.9 (c) that (77) is equal to the connecting homomorphism 
in the corresponding long exact sequence in degree d (up to sign). Hence 
the assertions follow from Prop. 4.8. □ 



Definition 5.3. For /j€S there exists a unique £ p (7r,/z) € C p - called the 
C-invariant of tt at p - such that 

(• U6log,p)7r,^ = £ p (7T,^) (' U &ord,p )*",/£■ 

If n = (1, . . . , 1) then we write £p(7r) = C p (ir, n). 

Conjecture 5.4. £p(ir,n) is independent of the choice of fx G S, i.e. we 
have C v (ir, fx) = C v (tt) for all fi € S. 

Lemma 5.5. Let \ '■ I/F* — > {±1} be a quadratic character whose conduc- 
tor is prime to p and such that xp = 1 ■ Then 

£p(vr,^) = ^pC 71 " ® X,sign(x)/i) 
w/iere sign(x) = Xoo(-l, . . . , -1) € S. 

Proof. For a smooth semisimple representation V of G(A P '°°) we denote 
by V x the representation V <g> det ox p '°°. Note that (^ x )tt = K-® x - 
e : = e(xp) = (xpi( ro i); • • • , Xp m (^m)) (compare section 2.7). We define a 
twisting operator 

1tt> x : A f (a, S P ,M; C p ) — > A f (ea, S P ,M; C p ) 

by Zto x (*){g,m) = x p '°°(det(< 7 ))Tm Xp (cI»( 5 , m)) for all g e G(AP>°°), m G 
.A4 and define 1tu x : Af(a So , S p , M;C P ) — s> .A / ( (ea) ,«? , ffp , .M ; C p ) analo- 
gously. Note that Tro x is G(F) + -linear and maps Af(K,a,S p ,M.;C p ) onto 
,4/(if , ea, S p , M\ C p ) as long as det(i^) is contained in the kernel of x p '°°- 
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Note also that Tro x o %to x = id. For b £ H q (G(F) + ,d(F p ,C P )) we obtain 
a diagram 

Hf(G(F)+, A f {a,M;C p )\ H^ 1 (G(F)+ , A f (a Sa , S p , M; C P )U 

ff, d (G(F)^.A / (ea,A<;C p )U x -^ 

where the vertical maps are induced by 1tn x . The commutativity of the 
diagram for b = friog,p and b = 6 rd,p implies the assertion. □ 



Remarks 5.6. (a) Conjecture 5.4 is known in the case F = Q ([BDI], 
Theorem 6.8). 

(b) Let D be a quaternion algebra over F and let G' = D* (viewed as an 
algebraic group). Let ir be an automorphic representation of G"(A) whose 
components ir v are discrete series for all v € S^. By a similar construction 
as above one should be able to define an /^-invariant £ p (7r) whenever p does 
not divide the discriminant of D and we have 7r p = St. These /^-invariants 
have been defined in the case F = Q and D definite by Teitelbaum [Te] , for 
F = Q, D = M2(Q) by Darmon [Da] (for weight 2) and Orton [Or] (higher 
even weight) and if F has narrow class number 1 by Greenberg [Gr] (in the 
case of parallel weight (2, . . . , 2)) (it not difficult to see that for D = M2(F) 
the /^-invariant defined in [Gr] match with the one defined above). An 
interesting and difficult problem is to show that Cp(n) is invariant under 
the Jacquet-Langlands correspondence (this has been proved for F = Q in 
certain cases in [BDI], Cor. 6.9) or under base change. The author hopes to 
return to the study of these ^-invariants in the future. 

5.2. Main results. Our first main result is 

Theorem 5.7. Let ir G 2lo(C,2,a). The vanishing order of L p (s,tt) at 
s = is at least equal to r (i.e. to the number of places p of F above p with 
7T P = St). Moreover we have 

(78) LW(0,7r) = r! J] £ p (vr) • JJ e(a p ,l) ■ L(±,tt) 

peSi pes 2 

where e(a p ,l) = | (1 _ j_ )2 ^ ^ ±1 . 

Proof. The first statement follows from 3.19 (a). By 3.22, 4.10 (b) and 
3.19 (b) we have 

n pe s 2 e(a P ,l) • Hh*) = K, + Uc h U...Uc K )ni? 

4 r) (0,7r) = (-1)© r! (k^ Uq Pi U...Uc<Jn^ 

Thus it suffices to show U = £ p (7r)K 7ri+ U c p for p G Si. Let m 
be the maximal prime-to-p divisor of f (7r). The proof of 4.10 (c) and 4.8 
shows that there exists an element j3 <G H d (G(F) + , Af(m, a, M; Q))^ which 
is mapped under (74) to some non-zero multiple of n w . Also by Lemma 
2.9 (b) we have 2c p = <5*(6 rd,p) an d 2c£ p = S*(b\ ogj p). Hence the assertion 
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follows from (3 + U 6 rd,p = £ p (7r) P+ U &iog,p (here we view f3 as an element of 
H d (G(F)+,A f (m,a,M;C p ))). □ 

Now assume that E/F is an elliptic curve which is p-ordinary, i.e. it has 
either good ordinary or multiplicative reduction at all places above p. We 
also assume that E is modular by which we mean that for some prime number 
£, the ^-adic Tate module of E is isomorphic (as a Galois representation) 
to the £-adic representation associated to some tt = tt^ £ 21q((j,2) (this 
holds then for any t\ compare [Wi] ) . Then it is known ( [Car] , [Ta] ) that the 
local L-factors of E and tt all match up. In particular we have A(E, x, s) = 
L(s — |, tt <S> x) f° r an Y character x '■ I/F* — > C* (where A(E, x-, s ) denotes 
the completed Hasse-Weil L-function) and the conductor of E is = f (7r). 
Moreover tt is p-ordinary and E has split multiplicative reduction at p if 
and only if tt v = St. Thus tt £ 2to(G,2,a) for some ordinary parameters 
a = («i, . . . , a m ) and if S*i = {pi, . . . , p r } denotes the set of p G S p where 
E has split multiplicative reduction then a\ = . . . = a r = 1. The p-adic 
L-function of E is defined as L p (E, s) : = L p (s, tt). The following conjecture 
is due to Hida [Hi] . 

Conjecture 5.8. The vanishing order of L p (E,s) at s = 1 is at least equal 
to the number r of places above p where E has split multiplicative reduction 
and we have 

(79) 4HE,0) = rl 11 C p (E) ■ [] e(a v ,l) ■ A(£, 1) 

peSi pes 2 

with Cp(E) = gp ^ or< ^ [q^p) Fp ^ ' where qE/F p denotes the Tate period associ- 
ated to E/Fp. 

In the case r = 1 this has been proved by Mok [Mo] (under the additional 
assumption that p is unramified in F and > 5). We prove the first assertion 
unconditionally and deduce the second from Mok's result under some further 
(mild) restrictions using Theorem 5.7 and a non-vanishing result for twisted 
L- values [Wa], [FH]. Let w(tt) denote the root number of tt. We first show 

Proposition 5.9. Assume that p > 5 is unramified in F and either (i) E 
has multiplicative reduction at some place q\p or (ii) r + w{Tr) = 1 mod 2. 
Then C p (E) = C p (tt) for all p G Si. 

Proof. Suppose that there exists a quadratic character x '■ I/F* — > {±1} 
whose conductor is relatively prime to f (tt) with the following properties 

• Xv = 1 for all DG{p}u5 2 U (where S 2 = S p - Si); 

• Xq + 1 for all q G Si — {p}; 

• L(\,tt®x) 7^0. 

Let E x denote the twist of E by %. The first property and 5.5 imply Cp(E) = 
Cp(E x ) and Cp(n) = C v (tt <8> x). It also follows from the first two properties 
that E x is p-ordinary and p is the only place above p where E x has good 
ordinary reduction. Thus by ([Mo], Theorem 1.1) formula (79) holds for E x . 
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Since all terms in (78) and (79) are the same with the possible exception of 
the /^-invariants and because of the non-vanishing of L(|, 7r <g> x) we deduce 
C P {E) = C P {E X ) = C p {n® X ) = C p (tt). 

Therefore it remains to show that under the assumptions (i) or (ii) there 
exists a quadratic character with the above properties. If x is an Y quadratic 
character with f(x) relatively prime to f(7r) then it is well known that w(tv® 
x) = YlveSoc Xv (— 1) x(f( 7r )) w(tt). Hence under the assumptions (i) or (ii) it 
is clear that there exists x s ° that at least the first two properties are satisfied 
and such that w(tt®x) = 1- Then a theorem of Waldspurger ([Wa]; see also 
[FH], Thm. B) implies that we can choose \ so that L(±,ir <8> x) / holds 
as well. □ 

Theorem 5.10. (a) ord s= o L p (E, s) > r. 

(b) Assume p > 5 is unramified in F and (i) E has multiplicative reduction 
at some place q \ p or (ii) r is odd or (Hi) w(ir) = —1. Then (79) holds. 

Proof, (a) is part of Theorem 5.7. For (b) assume first w(tt) = — 1. Then 
both sides of (79) vanish (the left hand side by (78)). If w(ir) = 1 and (i) 
or (ii) hold then (b) follows from Thm. 5.7 and Prop. 5.9. □ 

Remarks 5.11. (a) In the case F = Q, Thm. 5.7 is due to Darmon [Da]. 

(b) If Conjecture 5.4 holds then it is not necessary to assume (i) or (ii) 
in Prop. 5.9 above. In fact, obviously, there exists a quadratic character 
X with Xv = 1 7^ Xq f° r an v e {p} u 5*2 and q G S\ — {p} and so that 
w{tt <8> x) = 1- Hence by Waldspurger 's theorem we can choose x which 
satisfies also L(\,n (g> x) 7^ 0- I n the forthcoming work [GIS] we shall give 
a different and unconditional proof of the equality £ p (E) = C p (tt) (hence of 
Hida's conjecture) without using Mok's result. 
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